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Introduction

• Simulations of stellar atmospheres 

• C o n s t r u c t e d s o l v i n g t h e t i m e - d e p e n d a n t 
hydrodynamic equations of mass, momentum, and 
energy conservation 

• Coupled to 3D radiative transfer equations to model 
the interaction between radiation and plasma 

• No free-parameters, convection arises naturally
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The 3D simulations
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Introduction

• Computationally expensive: follow processes that 
occur in dynamical timescales (e.g., convection) 

• Not suited for following nuclear timescales (e.g., stellar 
evolution) 

• We want to used them to improve our 1D evolutionary 
calculations 

• How can we couple their predictions to our simplified 
model of the outer stellar layers?
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The 3D simulations
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• It assumes a bubble travels a characteristic distance 
and then dissolves 

• The mixing length parameter scales this distance 

• The temperature gradient in convective instability is 
calculated after some geometrical assumptions and 
defining the mixing length parameter
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Convective transport: mixing length theory

` = ↵mltHP
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Introduction

• The mixing length parameter is normally calibrated to 
reproduce solar properties 

• Standard Solar Model (SSM): evolve a fully 
homogeneous 1 M⦿ model from the pre-MS to solar age 

• SSM must match solar radius, luminosity, and surface 
metals-to-hydrogen ratio at the solar age 

• Three adjustable parameters: initial composition and 
mixing-length parameter
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Convective transport: the Sun
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The temperature scale

Courtesy of S. Cassisi
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The surface effect

Christensen-Dalsgaard et al. 1996

some stage of solar evolution or for mass loss
to an extent sufficient to expose depleted
material. As a reference standard solar mod-
el, we use Model S, computed with the
global parameters described above (22).

Some Properties of
Solar Oscillations

Models of solar evolution must be checked
against observations. The extensive and
accurate measurements of the solar 5-min
oscillations provide key tests of even sub-
tle features of the models. The solar 5-min
oscillations (23) consist of a large number
of modes that each extend in the radial
direction from the surface to the inner
turning point, whose distance rt from the
solar center is a function of v/(C + 1/2),
where v is the frequency and e is the
degree of the mode. Modes of low degree
penetrate almost to the center of the sun

(Fig. 1), whereas higher degree modes are

trapped closer to the surface. The modes
observed with the GONG network, of de-
gree between 0 and about 250, span a

range in rt between the center and 0.98RA,
essentially permitting resolution of solar
structure and rotation throughout this
range (1, 24).

In almost the entire solar interior, the
thermal time scale is so long, compared
with the periods of oscillation, that the
oscillations can be regarded as adiabatic.
Thus, the relative perturbations in pressure

and density, when following the motion,
are related by the adiabatic exponent y1. To
the extent that this relation holds, the os-

cillations are purely mechanical, with fre-
quencies determined by the variation of p,
p, and -y1 with radius. The adiabatic approx-
imation breaks down near the surface. Here
the full energy equation for the oscillations
must be considered, including the perturba-
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Fig. 1. Radial variation of the eigenfunction for
three modes of similar frequency v but differing
degree e. The red curve shows a mode of degree
e = 0 and frequency v = 3310 ,uHz, the green
curve is for e = 20, v = 3375 ,uHz, and the blue
curve is for e = 70, v = 3405 ,Hz. The quantity
plotted reflects the distribution of energy in the
modes and hence their sensitivity to solar struc-
ture. The arrows indicate the locations of the as-
ymptotic turning points rt, determined by the fre-
quency v and e from the relation c(rt)/rt = 2'7rv/(( +
1/2) (63), c being the adiabatic speed of sound.

tion in the radiative flux and the highly
uncertain perturbation in the convective
flux; thus, although nonadiabatic calcula-
tions may indicate the magnitude of the
resulting effects on the frequencies, a de-
tailed application to the analysis of the
observations is not yet possible (25).

Here we consider only adiabatic oscil-
lations and generally treat convection ac-

cording to the simple mixing-length pre-
scription, neglecting effects of turbulent
pressure; it is then straightforward to com-
pute numerically precise frequencies for a

given solar model (26). Although the ap-

proximations undoubtedly introduce er-

rors in the treatment of the model and
oscillations in the near-surface region, it is
possible to analyze the observed frequen-
cies in a way that largely separates the
likely effects of these errors from those of
errors in deeper parts of the model. The
near-surface effects on the frequencies
have two properties: they depend on fre-
quency because of the detailed nature of
the mode in this region, and they depend
on the turning-point position, because
modes trapped near the surface involve a

smaller part of the sun, and hence are

easier to perturb, than modes penetrating
to the deep interior. The latter effect can

be eliminated by suitable scaling with the
mode inertia (27). It appears that near the
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surface, the properties of the modes de-
pend little on degree (Fig. 1); so, there-
fore, does the influence of the near-surface
effects (28).

Frequency differences (Fig. 2A) between
models using alternative treatments of the
upper part of the convection zone and those
using the normal mixing-length treatment
show that the scaled difference is indeed a

function of frequency alone. The differenc-
es (Fig. 2B) between the GONG mean

frequencies and frequencies of the reference
Model S largely share the same property.
This result confirms that the dominant com-

ponents in the model errors belong to the
near-surface region. Although the nature of
the errors is uncertain, their effect has
roughly the same magnitude and frequency
dependence as those illustrated in Fig. 2A.
A closer look at the frequency differenc-

es in Fig. 2B reveals a division into two
branches, suggesting that there is also a

dependence on the depth of penetration of
the modes. If one subtracts a smooth func-
tion of frequency fitted to the data and plots
the residual against the turning-point radius
r, (Fig. 2C), there is a sharp jump in the
residuals at an r, that corresponds to the
region just below the convection zone. In-
version of the frequency differences does
indeed reveal a localized sound-speed differ-
ence at this point (24).

Fig. 2. Frequency differences
scaled by Qn, = Ene/Eo(VnA) where
EO(v) is the inertia of radial modes,
interpolated to the frequency v (27).
(A) Differences for three modifica-
tions of the near-surface region of
solar models, relative to a normal
mixing-length model: blue points
result from an alternative treatment
of the convective flux (64); green
points are based on inclusion of tur-
bulent pressure (65); and for the red
points, the uppermost parts of the
convection zone were represented
by an averaged hydrodynamical

)00 4000 simulation (66). (B) Differences be-
tween GONG observed frequen-
cies and frequencies of the refer-
ence Model S. (C) Differences in
panel (B), after subtracting a

_ smooth fit to the frequency-depen-
dent component. The residuals

_ have been plotted against v/(f +
1/2), which is directly related to the

_ turning-point radius rt of the mode.
In (B) and (C), the degree e is indi-

_ cated by the color bar.
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The surface effect

Ball & Gizon 2014

A&A 568, A123 (2014)

BiSON - Model S
δν = a-1ν

-1/I
δν = a3ν

3/I  (eqn 2)
δν = (a-1ν

-1+a3ν
3)/I  (eqn 3)

δν = aνb (Kjeldsen et al. 2008)
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Fig. 1. Frequency di↵erences between a standard solar model (Model S,
Christensen-Dalsgaard et al. 1996) and observations of low-degree
modes (`  3) by BiSON. The lines show fits made using an inverse
term (dashed), cubic term (dotted) or both terms (solid). The fit with
the inverse term is quite poor, with the cubic term much better and with
both terms somewhat better still. The dot-dashed lines show a power
law, fit to nine radial orders about ⌫max = 3090 µHz, as is used in the
frequency correction proposed by Kjeldsen et al. (2008).

express the surface e↵ect as a phase shift that can be sup-
pressed by choosing appropriate ratios of frequency di↵erences.
Otí Floranes et al. (2005) computed the structural sensitivity ker-
nels for these ratios and demonstrated that they are indeed more
sensitive to the stellar core. Because this method uses di↵erences
and ratios, there is some loss of information, but the advantage is
that stellar model parameters should not be biased by uncertainty
at the surface.

Third, Gruberbauer et al. (2012) proposed a Bayesian
method in which an additional frequency o↵set parameter is
introduced for each oscillation mode and then marginalized
against some prior. They used their method to compare the sta-
tistical evidence for solar models with di↵erent input physics
(Gruberbauer & Guenther 2013), and to model a number of
Kepler targets (Gruberbauer et al. 2013). The method appears
successful in solar modelling, but, as noted by Gruberbauer et al.
(2012) in their closing sections, the results appear biased towards
larger masses when too few low-frequency modes are available.

Motivated by a lack of a leading method for modelling sur-
face e↵ects, we propose here a new method in which the sur-
face e↵ects are modelled by one or both of terms proportional
to ⌫�1/I and ⌫3/I, where ⌫ is the frequency of an oscillation
mode and I its corresponding inertia, normalized by the total
displacement at the photosphere. In Sect. 2, we motivate these
parametrizations and demonstrate the quality of fits to the di↵er-
ences between modelled and observed low-degree oscillations
in the Sun. In Sect. 3, we test the robustness of the parametriza-
tions against both synthetic and real solar data. In Sect. 4, we
apply the method to the planet-hosting CoRoT target HD 52265,
with promising results, given the quality of the fit and consis-
tency with previous results. Finally, we discuss the performance
of the method and its potential flaws.

BiSON - MESA
δν = a-1ν

-1/I
δν = a3ν

3/I (eqn 2)
δν = (a-1ν

-1+a3ν
3)/I  (eqn 3)

δν = aνb (Kjeldsen et al. 2008)

(ν
o
b

s-
ν m

o
d
) 

/ 
μ

H
z

−14

−12

−10

−8

−6

−4

−2

0

νobs / μHz

1000 1500 2000 2500 3000 3500 4000

Fig. 2. Frequency di↵erences between a solar model calibrated with
MESA and observations of low-degree modes (`  3) by BiSON. The
lines show fits made using an inverse term (dashed), cubic term (dotted)
or both terms (solid). The relative performances of the fits is the same as
Fig. 1. The dot-dashed lines show a power law, fit to nine radial orders
about ⌫max = 3090 µHz, as is used in the frequency correction proposed
by Kjeldsen et al. (2008).

2. Modelling and fitting of surface effects

2.1. Parametrizations

Gough (1990) discussed potential asymptotic forms for the fre-
quency shifts observed by Libbrecht & Woodard (1990) over
the solar activity cycle. By considering perturbations near the
surface under a variational principle and taking the asymptotic
form of the displacement eigenfunctions in the evanescent layer,
Gough (1990) concluded that the frequency shifts should gener-
ally take the form (Eq. (9.3) of Gough 1990)

�⌫ / Q(⌫2)
⌫I , (1)

where Q(x) is a quadratic function in x; ⌫ is the cyclic frequency
of an oscillation mode; and �⌫ is the frequency shift induced
by a perturbation near the stellar surface. The normalized mode
inertia I is defined by (e.g. Aerts et al. 2010, Eq. (3.140))

I =
4⇡
R R

0

h
|⇠r(r)|2 + `(` + 1)|⇠h(r)|2

i
⇢r2dr

M
⇥|⇠r(R)|2 + `(` + 1)|⇠h(R)|2⇤ , (2)

where ⇠r and ⇠h are the radial and horizontal components of
the displacement eigenvector, R the photospheric radius, ⇢ the
unperturbed stellar density, M the total stellar mass, and ` the
degree of the mode. In the solar models, the mode inertia de-
creases rapidly with frequency below about 2000 µHz before
levelling out and reaching a minimum around 4000 µHz. This
behaviour suppresses the magnitude of the frequency shifts at
low frequency.

Gough (1990) further argued that a perturbation caused by a
magnetic field concentrated into filaments, which would mostly
modify the sound speed without much a↵ecting the gas density,
would cause a shift proportional to ⌫3/I. This is the same form
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TABLE 2
Near-Surface Corrections

Model ni

An (n)Sobs

(mHz)
ADn (n)Sobs

(mHz)
An (n)Sref

(mHz)
ADn (n)Sref

(mHz)
a

(mHz) r
r̄ref

(g cm!3)

2¯r rref

(g cm!3)

Sun (n0 p 3100 mHz)

Model S . . . . . . . . 17–25 3034.15 134.810 3038.95 135.854 !4.73 1.00000 1.408 1.408
Model S! . . . . . . 17–25 3034.15 134.810 3386.40 150.761 !1.54 0.89644 1.748 1.405
Model S" . . . . . . 17–25 3034.15 134.810 2540.67 114.155 !8.67 1.19770 0.982 1.408

b Hyi (n0 p 1000 mHz)

Model H! . . . . . . 13–19 1004.42 57.244 1134.75 65.985 !4.57 0.88978 0.329 0.260
Model H . . . . . . . 13–19 1004.42 57.244 1001.90 58.417 !5.19 1.00847 0.253 0.258
FM2003 . . . . . . . . 13–19 1004.42 57.244 948.58 55.714 !6.90 1.06723 0.226 0.258
Model H" . . . . . . 13–19 1004.42 57.244 868.28 50.654 !5.32 1.16385 0.188 0.255

a Cen A (n0 p 2400 mHz)

Model S" . . . . . . 16–26 2335.89 105.541 2509.96 114.026 !3.18 0.93196 0.982 0.853
M2000 A . . . . . . 16–26 2335.89 105.541 2362.88 107.949 !6.48 0.99141 0.882 0.867
Model A . . . . . . . 16–26 2335.89 105.541 2345.37 106.344 !2.05 0.99686 0.854 0.849
Th2002 A . . . . . . 16–26 2335.89 105.541 2303.36 104.927 !4.78 1.01626 0.833 0.860

a Cen B (n0 p 4100 mHz)

Th2002 B . . . . . . 19–27 3890.70 161.482 3910.71 162.605 !2.11 0.99534 2.030 2.011
Model B . . . . . . . 19–32 4261.05 161.988 4274.09 162.913 !1.87 0.99762 2.009 1.999
T2008 . . . . . . . . . . 19–32 4261.05 161.988 4261.92 162.697 !2.96 1.00087 1.995 1.998
M2000 B . . . . . . . 19–32 4261.05 161.988 4064.00 155.400 !4.15 1.05006 1.819 2.006
Model S! . . . . . . 19–32 4261.05 161.988 3979.80 152.166 !4.08 1.07225 1.748 2.010

Fig. 1.—Difference between observed and calculated frequencies for radial
modes in the Sun. The squares are for model S, with the solid curve showing
a fit to eq. (4) with , which gives (see § 3). Also shown arer p 1 b p 4.90
the results of applying the same corrections to model S! (crosses) and model
S" (pluses). The dotted curves show the corrections calculated from eq. (4).

Fig. 2.—Difference between observed and calculated frequencies for radial
modes in b Hyi. The models shown are model H (squares), model H! (tri-
angles), model H" (diamonds), and FM2003 (asterisks). The dotted curves
show the corrections calculated from eq. (4).

physics, but neglecting diffusion and settling. Finally, models
H! and H" are from the same evolution sequence as model H,
but with substantially different ages and densities, which
bracket those of model H.

For each model we used the value of b found for the Sun
and used equation (6) to estimate r. The results are shown in
Table 2 and also in Figures 2–4. Note that there is considerable
scatter in the observed frequencies of a Cen A and B due to
the relatively short span of the observations relative to the mode
lifetime. Taking this into account, it is once again encouraging
to see that the power law (with a single value of b) provides
a good fit to the frequency differences and that for each star
there is good agreement between the densities derived from the
different models.

To estimate uncertainties, we have repeated the fits for the
same range of b-values considered in § 3 (4.4–5.25) and again
found that there is no effect on the calculated density, to the
precision quoted in Table 2. Over this range, the change in a
is less than 1 mHz for b Hyi, less than 0.4 mHz for a Cen A,
and less than 0.7 mHz for a Cen B. The changes in the cor-

rection terms plotted in Figures 2–4 are comparable or slightly
larger.

For each star, we can identify the model that is closest to
being the “best” model as the one having r closest to unity
(note this is not necessarily the model with the smallest near-
surface offset). These give our best estimate of the stellar den-
sity for each star.

North et al. (2007) recently used interferometry to measure
the angular diameter of b Hyi to be mas. They2.257 ! 0.019
combined this with the parallax (from Hipparcos) and the mean
density (from asteroseismology) to determine the radius and
mass of the star. Using our best estimate of the mean density
of b Hyi ( g cm!3) and the revised Hipparcos0.258 ! 0.001
parallax ( mas; van Leeuwen 2007), we derive134.070 ! 0.110
slightly updated values, finding a radius of 1.809 ! 0.015

(0.85%) and a mass of (2.6%).R 1.085 ! 0.028 M, ,

5. DISCUSSION AND CONCLUSIONS

The method outlined here for correcting near-surface effects
can be applied to model frequencies before they are compared
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Examples: what is available

Trampedach et al. 2014 Magic et al. 2013

A&A 557, A26 (2013)

of 0.5 above that8. We decided to apply the same parameters Teff
and log g for all metallicities, in order to facilitate the interpo-
lation of (averaged) models within a regular grid in stellar pa-
rameters. In addition, the grid also includes the Sun with its
non-solar metallicity analogs, and four additional standard stars,
namely HD 84937, HD 140283, HD 122563 and G 64-12 that are
presented in Bergemann et al. (2012). For metal-poor chemical
compositions with [Fe/H] ≤ −1.0 we applied an α-enhancement
of [α/Fe] = +0.4 dex, in order to account for the enrichment by
core-collapse supernovae (Ruchti et al. 2010).

In Fig. 1, we present an overview of our simulations in
stellar parameter space. Therein, we also show evolutionary
tracks (Weiss & Schlattl 2008) for stars with masses from 0.7
to 1.5 M⊙ and solar metallicity, in order to justify our choice of
targeted stellar parameters. Hence, the grid covers the evolution-
ary phases from the main-sequence (MS) over the turnoff (TO)
up to the red-giant branch (RGB) for low-mass stars. In addi-
tion, the RGB part of the diagram in practice also covers stars
with higher masses, since these are characterized by similar stel-
lar atmospheric parameters.

2.3. Scaling and relaxing 3D models

Generating large numbers of 1D atmosphere models is relatively
cheap in terms of computational costs, but the same is not true
for 3D models. Based on our experiences from previous simu-
lations of individual stars, we designed a standard work-flow of
procedures for generating our grid. More specifically, we devel-
oped a large set of IDL-tools incorporating the various neces-
sary steps for generating new 3D models, which we then applied
equally to all simulations. The steps are:

– Scale the starting model from an existing, relaxed 3D sim-
ulation, and perform an initial run with six opacity bins, so
that the model can adjust to the new stellar parameters.

– Check the temporal variation of Teff and estimate the number
of convective cells. If necessary, adjust the horizontal sizes,
in order to ensure that the simulation box is large enough to
enclose at least ten granules.

– If the optical surface has shifted upwards during the re-
laxation, add new layers at the top of it to ensure that〈
log τRoss

〉
top < −6.0.

– Determine the period π0 of the radial p-mode with the
largest amplitude, then damp these modes with an artificial
exponential-friction term with period π0 in the momentum
equation (Eq. (2)).

– Let the natural oscillation mode of the simulation emerge
again by decreasing the damping stepwise before switching
it off completely.

– Re-compute the opacity tables with 12 bins for the relaxed
simulation.

– Evolve the simulations for at least ∼7 periods of the fun-
damental p-mode, roughly corresponding to ∼2 convec-
tive turnover times, typically, a few thousand time-steps, of
which 100–150 snapshots equally spaced were stored and
used for analysis.

During these steps the main quantities of interest are the time
evolution of effective temperature, p-mode oscillations, and
drifts in the values of the mean energy per unit mass and of the
mean density at the bottom boundary, which indicate the level

8 We use the bracket notation [X/H] = log (NX/NH)⋆ − log (NX/NH)⊙
as a measure of the relative stellar to solar abundance of element X with
respect to hydrogen.

Fig. 1. Kiel diagram (Teff− log g diagram) showing the targeted
STAGGER-grid parameters for the 217 models, comprising seven dif-
ferent metallicities (colored circles). Four additional standard stars (see
text) are also indicated (squares). In the background, the evolutionary
tracks for stellar masses from 0.7 to 1.5 M⊙ and for solar metallicity are
shown (thin grey lines).

of relaxation. When the drifts in these above properties stop, we
regard the simulation as relaxed. If these conditions were not
fulfilled, we continued running the model, to give the simulation
more time to properly adjust towards its new quasi-stationary
equilibrium state. Also, when the resulting effective temperature
of an otherwise relaxed simulation deviated more than 100 K
from the targeted Teff, we re-scaled the simulation to the targeted
value of Teff and started over from the top of our list of relaxation
steps.

The interplay between EOS, opacities, radiative transfer and
convection can shift the new location of the photosphere, when
the initial guess made by our scaling procedure slightly misses
it. This is the case for a few red giant models leading to upwards-
shifts of the optical surface and of the entire upper atmosphere
during the adjustment phase after the scaling, with the average
Rosseland optical depth ending up to be larger than required, i.e.〈
log τRoss

〉
top ≥ −6.0. In order to rectify this, we extended those

simulations at the top by adding extra layers on the top, until the
top layers fulfilled our requirements of

〈
log τRoss

〉
top < −6.0.

2.3.1. Scaling the initial models

To start a new simulation, we scale an existing one with parame-
ters close to the targeted ones, preferably proceeding along lines
of constant entropy of the inflowing gas at the bottom in stellar
parameter space (see Fig. 6). In this way, we find that the relax-
ation process is much faster. In order to generate an initial model
for a set of targeted parameters, we scale temperature, density,
and pressure with depth-dependent scaling ratios derived from
two 1D models, with parameters corresponding to the current
and intended 3D model (Ludwig et al. 2009a). For this, we used
specifically computed 1D envelope models (MARCS or our own
1D models, see Sect. 3.3.1), which extend to log τRoss > 4.0. The
reference depth-scale for all models in the scaling process is the
Rosseland optical depth above the photosphere and gas pressure

A26, page 6 of 30
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Figure 2. The position of the simulations in the atmospheric HR diagram
(with a logarithmic Teff-axis). The simulations are represented by random
snapshots of the disc-centre white light intensity. The size of these snapshots
is proportional to the logarithmic width of the simulation domains. The
evolutionary tracks are the same as shown in Fig. 1.

to encompass about 30 major granules. The evolution tracks from
Fig. 1 are added for reference.

4 TH E E N V E L O P E M O D E L S

The simulations were fitted to 1D, spherically symmetric envelope
models (Christensen-Dalsgaard & Frandsen 1983) computed with a
code closely related to the ASTEC stellar evolution code (Christensen-
Dalsgaard 2008). The envelopes extend from a relative radius of
r/R = 0.05, and out to an optical depth of τ = 10−4.

We used the same MHD EOS, and in the atmospheric part of the
envelopes we used the same opacities, as in the convection simu-
lations (see Paper I, Section 3.1). These atmospheric opacities are
smoothly joined with the updated OP opacities (Badnell et al. 2005)
between temperatures of log T = [3.95; 4.25] (where the differences
are small and the models have nearly adiabatic convection; see also
fig. 2 of Paper I). These interior opacities were computed for the
exact same composition as the atomic physics for the simulations
as listed in Table 1 of Trampedach et al. (2013). This combined set
of atmospheric and interior opacities are now included in the OPINT

opacity interpolation package by Houdek & Rogl (1996), both of
which can be downloaded from http://phys.au.dk/∼hg62/OPINT.

Convection is treated using the standard MLT as described in
Böhm-Vitense (1958), using the standard mixing length

ℓ = αHp , (4)

as supported by analysis of the same simulations by Trampedach
& Stein (2011). We use form factors $ = 2 and η =

√
2/9 ac-

cording to the notation of Gough (1977), with the values chosen to
reproduce the original formulation by Böhm-Vitense (1958).1 (see

1 She brought up several values for the various form factors, but it is made
clear which values she adopted in the end.

appendix A in LFS for more details about the form factors. We use
f1 = nullfont1nullfont/nullfont8, f2 = nullfont1nullfont/nullfont2,
f3 = 24 and f4 = 0 in their notation].

The photospheric transition from optically thick to optically thin
is treated by means of T(τ ) relations derived from the simulations
in Paper I. There we calculated temporal and τ (Rosseland opti-
cal depth) averaged temperatures, and reduced them to radiative
equilibrium, Trad, and computed generalized Hopf functions,

q(τ ) = 4
3

(
Trad(τ )
Teff

)4

− τ , (5)

as detailed in Paper I. This new formulation of the outer boundary
ensures consistency between the T(τ ) relation and the 1D model
it is implemented in. It also applies throughout the stellar model,
abandoning the artificial distinction between the atmosphere and the
interior of a structure model, and renders moot the issue of where
to switch between the two. We interpolate linearly in q between the
simulations using a Thiessen-triangulation (Renka 1984) of the ir-
regular grid in log10Teff and log10g. The point that we use individual
T(τ ) relations instead of scaled solar T(τ ) relations is crucial for the
present calibration, as discussed in Section 7.

All time-dependent and composition-altering processes, e.g. nu-
clear reactions, diffusion and settling of helium and metals, are left
out of envelope models. This renders the envelopes functions of the
atmospheric parameters, Teff and gsurf (and composition) only, but
it also rules out any abundance gradients. During stellar evolution,
on the other hand, the net effect of radiative acceleration and gravi-
tational settling, is for helium and metals to slowly drop out of the
convection zone (Turcotte et al. 1998) building up an abundance
gradient, just below the convection zone, which is smoothed out by
chemical diffusion. As these processes are much slower than con-
vection, the resulting abundance gradients are confined to below the
convection zone, leaving our α calibration unaffected. The resulting
depths of convection zones, on the other hand, will be affected by
such abundance gradients. Radiative levitation in the atmosphere
(Hui-Bon-Hoa et al. 2002) would segregate atoms and ions accord-
ing to opacity, if it was not for the convective overshoot we see in
our simulations, sustaining appreciable velocity fields and ensuring
complete mixing, at least out to log τ = −4.5.

The pressure in the simulations is not purely thermodynamic;
turbulent pressure also contributes to the hydrostatic equilibrium.
We therefore include a turbulent pressure in the envelopes, based
on the MLT convective velocities (see also Stellingwerf 1976)

pturb,1D = βv2
convϱ , (6)

where β is a constant, adjusted as part of the calibration procedure,
described in Section 5. For the calibration, we only need pturb, 1D

from the matching point and into the interior, and we suppress it
smoothly in the layers above. This has two reasons: the practical
one is that most stellar structure calculations do not include such a
turbulent pressure, and a calibration of α, including pturb, 1D in the
whole convection zone, would not apply in these cases. The second,
and more important reason, is that vconv in MLT models displays a
very sudden drop to zero at the top of the convection zone. In the
standard solar model S of Christensen-Dalsgaard et al. (1996), the
drop from a peak of 4 km s−1 occurs over just 72 km, corresponding
to 0.42 pressure scaleheights, Hp. Such a large velocity gradient will
give rise to a devastating pressure gradient, causing non-physical
and sizeable inversions in both density and gas pressure. This is
shown in Fig. 3 for our simulation with the most vigorous convec-
tion, the 6900 K dwarf, No. 26 in Table 1. From that figure, we see
that not suppressing pturb

MNRAS 445, 4366–4384 (2014)
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Improving stellar models: α calibration 4373

effects (which increase with depth), and minimizing fluctuations in
thermodynamic quantities (which decrease with depth). The latter
is to ensure that the mean ϱ, T and pgas are related by the EOS, i.e.
that direct 3D effects are negligible, as is of course always the case
in 1D models. In all our cases, the matching point is located deeper
than log τ = 4, and at pressures at least 100 times larger than in the
photosphere.

In order to filter out non-convective effects from this calibration
of α, we also demand consistency between 1D and 3D in the treat-
ment of radiative transfer in the atmosphere. We accomplish this
by using the Rosseland opacities and the T(τ ) relations from the
3D simulations, in the atmospheres of the 1D envelope models (see
Paper I for details).

We also note that the common pressure point between the av-
eraged 3D simulation and 1D model, being located deep in the
simulation, means that the two models generally will disagree on
the location of the surface, R, of the star (where ⟨T⟩ = Teff). This is
due to the convective expansion of 3D atmospheres compared with
1D, as discussed by Trampedach et al. (2013). The 1D envelopes
therefore have slightly smaller radii (by up to a per cent of the stars
radius for the warmest giant and by as little as 10− 5 for the coolest
dwarf), and hence slightly larger Teff and log g, when the 3D simu-
lation and 1D envelope are constrained to have identical mass and
luminosity.

The main advantage of our method for calibrating the MLT α is
the resulting combined models of averaged 3D simulations outside
the matching point and the calibrated 1D envelope model interior
to the matching point. Our method ensures these combined mod-
els are continuous, and they can therefore be used for computing
various asteroseismic quantities, which can then be interpolated in
the grid of simulations. Such combined models have been used by
Rosenthal et al. (1999) to estimate the helioseismic surface effect,
i.e. systematically overestimated model frequencies due to short-
comings at the surface of 1D solar models. They have also been
employed in a calculation of p-mode excitation for a range of stars
(Stein et al. 2005, 2007; Samadi et al. 2007), based on the formu-
lation by Nordlund & Stein (2001) and Stein & Nordlund (2001).
Such calculations are also planned for our grid of simulations and
α calibrated 1D models presented here. The method used by LFS,
of matching to the entropy of the adiabat, does not ensure such con-
tinuous matching of 1D interior and averaged 3D atmospheres and
complicates their use for asteroseismic applications. Their method
does, however, ensure the correct location of the bottom of the
convective envelope as determined by the Schwarzschild criterion.
The two methods will converge with deeper matching point of our
method, as the stratification approaches the adiabat exponentially.

6 R ESULTS

In Fig. 4, we show the results of this calibration of the MLT α as
function of effective temperature and gravity. The corresponding
atmospheric entropy jump is shown in fig. 4 of Trampedach et al.
(2013). We also list these calibrated α values in Table 1 together with
their standard deviations, from performing the envelope matching
to individual time-steps of the horizontally averaged simulations.
This scatter in α ranges between 0.015 and 0.040, with an average
of 0.026. The standard deviations listed for Teff is likewise from the
fluctuations in time. In Table 1, we also list the resulting depths of
the convective envelopes, dcz, relative to the stellar radii.

In Fig. 5, we show our calibrated α values as function of Teff,
with error bars corresponding to the rms scatter in Teff and α. The
local log Teff-gradient of α(Teff, g) is indicated with line-segments,

Figure 4. As Fig. 1, but showing the behaviour of α with Teff and gsurf.
The overplotted evolutionary tracks cover the mass-range 0.65–4.5 M⊙, as
indicated. The solar simulation is indicated with a ⊙ and the locations of
the other simulations, as listed in Table 1, are shown with asterisks.

Figure 5. A plot of the values of α found from our matching procedure
(with gradient-lines, showing the local slope in log Teff, and error bars in
both Teff and α), compared with the calibration against 2D simulations,
performed by LFS (lower, blue diamonds with gradient lines). We have also
multiplied their result by 1.11 to agree with our result for the Sun (upper,
red diamonds, no gradient lines).

Our α calibration results in low values along the warm edge of
our grid, which is approaching the end of convective envelopes
from the cool side of the HR diagram. The depth of convective
envelopes decreases as this edge of our grid is approached, as does
the convective efficiency, quantified by α. The highest α values are

MNRAS 445, 4366–4384 (2014)
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Appendix B: Functional fits

Similar to Ludwig et al. (1999), we performed functional fits of the mixing length parameters and the mass mixing length parameter
with the Teff and log g for the different metallicities individually. We transformed the stellar parameters with x = (Teff − 5777)/1000
and y = log g − 4.44, and fitted the values with a least-squares minimization method for the functional basis

f (x, y) = a0 + (a1 + (a3 + a5x + a6y) x + a4y) x + a2y. (B.1)

The resulting coefficients, ai, are listed in Table B.1.

Table B.1. Coefficients ai of the linear function f (Eq. (B.1)) for αMLT (sbot), αMLT (∆s), and αm for different metallicities.

Value [Fe/H] a0 a1 a2 a3 a4 a5 a6 rms∆ max∆
αMLT(sbot) +0.5 1.973739 –0.134290 0.163201 0.032132 0.046759 –0.025605 0.052871 0.022 0.040

+0.0 1.976078 –0.110071 0.175605 0.003978 0.103336 –0.058691 0.080557 0.017 0.038
–0.5 1.956357 –0.133645 0.133825 0.027491 0.049125 –0.048045 0.057956 0.027 0.042
–1.0 1.969945 –0.143710 0.149004 0.001154 0.052837 –0.033471 0.037823 0.020 0.058
–2.0 2.010997 0.012308 0.160894 –0.041272 0.180486 –0.059577 0.074409 0.033 0.067
–3.0 2.133974 0.053307 0.222283 –0.192920 0.225412 –0.064937 0.027230 0.066 0.149

αMLT(∆s) +0.5 2.060065 –0.075697 0.183750 0.018061 0.160931 –0.110880 0.164789 0.063 0.091
+0.0 2.077069 –0.079283 0.153376 0.041062 0.098795 –0.108972 0.137377 0.075 0.139
–0.5 2.080653 –0.117156 0.139250 0.105874 0.063015 –0.104596 0.143233 0.095 0.206
–1.0 2.131896 –0.135578 0.195694 0.039771 0.109232 –0.074565 0.110530 0.054 0.096
–2.0 2.229049 –0.068633 0.248141 –0.043729 0.229523 –0.088846 0.112805 0.056 0.136
–3.0 2.324527 –0.011662 0.293515 –0.171136 0.305021 –0.112595 0.077837 0.109 0.248

αm +0.5 1.791089 –0.183788 0.179118 –0.022163 0.096536 –0.028233 0.054834 0.039 0.077
+0.0 1.832344 –0.177105 0.166634 0.011835 –0.002416 –0.030472 0.019225 0.023 0.045
–0.5 1.859980 –0.208802 0.154482 0.111923 –0.001357 –0.089213 0.105822 0.518 0.187
–1.0 1.897928 –0.208284 0.174666 0.035389 0.020293 –0.045907 0.031081 0.133 0.123
–2.0 1.959977 –0.255688 0.183739 0.032684 0.000570 –0.032134 0.000400 0.107 0.317

Notes. In the last two rows, we list the root-mean-square and maximal deviation of the fits.

A89, page 16 of 17
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4 J. R. Mosumgaard et al.

model matches that of the bottom point in the atmosphere. Thus the
fitting point ⌧fit = ⌧e� is defined at the value of ⌧ where T = Te�, or

q(⌧e�) + ⌧e� = 4/3 . (4)

This value is not constant, which means that in each iteration of the
code before the actual integration, the point ⌧e� is determined from
the current 3D T(⌧) relation with interpolation. Usually ⌧e� ' 0.5
is obtained.

It is very important to choose the correct optical depth of the
photosphere of the stellar structure model; otherwise Te� and log g
of the model will not actually correspond to the output from the 3D
interpolation. In other words, selecting a constant optical depth (e.g.
⌧ = 2/3) for the photosphere of the model – hence defining Te� at
this point – will clearly lead to small inconsistencies if used with a
T(⌧) relation where Te� corresponds to a di�erent optical depth.

3.2.2 Interior part

Besides the above-mentioned change to a variable mixing-length
parameter, our implementation directly modifies the interior part of
the model as well.

As explained earlier, the q(⌧) is extracted from the 3D simula-
tions under the assumption of radiative equilibrium, which is also
assumed when using eq. (3) for the temperature structure. Nonethe-
less, we want to properly take convection into account below ⌧e� to
recover the correct stratification from the 3D simulations. Accord-
ing to Trampedach et al. (2014a, eq. 35), the radiative temperature
gradient, rrad ⌘ (@ lnT/@ ln p)rad, therefore needs to be altered.
The corrected gradient is calculated as

rrad = errad · [1 + q
0(⌧)] , (5)

where errad is the usual expression for the radiative gradient based
on the di�usion approximation and q

0(⌧) is the derivative of the
Hopf function with respect to ⌧ (which in ������� is determined
directly from an Akima spline interpolation (Akima 1970, 1991) of
q(⌧) on a fine mesh)1.

The radiative gradient is corrected before performing the actual
MLT calculation. Hence, the modified rrad is used as input instead
of the usual errad, such that the resulting temperature gradient r is
properly corrected for 3D e�ects and does not need to be modified
further.

The altered radiative gradient is used until an optical depth
of ⌧ = 10 is reached, since the correction factor goes to 0; q

0(⌧)
is always below 10�4 (and usually below 10�5) from this point
inwards. Our implementation is fully flexible with respect to this
lower point and the e�ect of changing it to a higher value (the table
extends down to ⌧ = 100) is completely negligible as the corrections
in this region are minute.

A full schematic overview and summary of how our imple-
mentation changes a stellar model (both atmospheric and interior
part) can be seen in Fig. 2.

3.2.3 MESA

The ���� implementation incorporates the stellar atmosphere as
part of the interior model by placing the outermost meshpoint at an
optical depth ⌧surf = 2⇥10�4⌧e� ⇡ 10�4. However, all photospheric

1 We use this method because the derivative q0(⌧) is changing rapidly in
the region around ⌧ = ⌧e� ' 0.5.

Atmosphere

Stellar interiorτ = τeff

T(τ) = Thopf(τ)

αmlt = Kmlt αmlt(Teff, logg )

∆

rad = 

∆~

rad[1 + q’(τ)]

αmlt = Kmlt αmlt(Teff, logg )

τ = 10

τ = τsurf

∆

rad = 

∆~

rad

Figure 2. The changes to a ������� stellar structure model as a result of
our implementation. In the radiative atmosphere, a di�erent temperature
stratification, given by eq. (3), is used and the transition point is altered.
In the outer, convective parts of the interior model, the radiative gradient
is modified according to eq. (5). Everywhere in the interior of the star, the
calibrated ↵MLT(Te�, log g) from eq. (2) is used. In ����, the stellar interior

extends all the way to ⌧surf, but the photospheric quantities are determined
at ⌧ = ⌧e�.

quantities are determined at ⌧e� by interpolation. The correct tem-
perature stratification for the 3D T(⌧) relation is obtained by the
same method that ������� uses in the interior below the photo-
sphere (eq. (5)). The only distinction is the interpolation in ⌧, which
is performed using the one-dimensional monotone cubic piecewise
interpolation routines distributed with ���� (Huynh 1993; Suresh &
Huynh 1997). The radiative gradient is modified using the so-called
‘porosity factor’ (see Appendix A1).

The new outermost meshpoint requires a new boundary con-
ditions, which we choose to be equivalent to an Eddington grey
atmosphere evaluated at the optical depth of the point (details given
in the Appendix A). In e�ect, these are the same as the boundary
conditions ���� uses when integrating an atmosphere down to the
photosphere.

4 STELLAR EVOLUTION WITH 3D RESULTS

We have taken much care to adopt as similar as possible micro-
physics in the stellar evolution code as in the 3D simulations in
order to produce a consistent model.

The envelope models which Trampedach et al. (2014b) utilised
to perform the 3D ↵MLT-calibration were calculated with the MLT
treatment from Böhm-Vitense (1958). To include the calibrated ↵MLT

values, we also use a standard mixing-length theory of convection
in our stellar evolution calculations. Strictly speaking, the ↵MLT cal-
ibration is only valid for precisely the same MLT implementation.
But it is important to note, that even di�erent MLT-flavors will yield
the same temperature evolution, if ↵MLT is properly calibrated to the
Sun (Gough & Weiss 1976; Pedersen et al. 1990; Salaris & Cassisi
2008). In ���� the formulation from Cox & Giuli (1968) is em-

MNRAS 000, 1–10 (2018)
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Figure 7. Di�erence between observed and calculated oscillation frequen-
cies of the Sun. The observations are from BiSON and the model frequencies
are from the ���� solar models with and without our modifications.

4.3.1 Stellar interior

Turning to the interior of the stellar models, we see that the imple-
mentation of the 3D results has an insignificant impact on the struc-
ture. In general the models are indistinguishable – e.g. with respect
to the hydrogen profile. Specifically, the depth of the outer convec-
tion zone is left virtually unchanged; the relative di�erence between
3D and reference is below 0.01% for both ���� and �������.

4.3.2 Oscillation frequencies

Asteroseismology is an excellent tool for probing the interior of
stars, by observing the imprint of the stellar oscillations in the
emitted light. The term solar-like oscillations governs stochastically
excited waves in stars with an outer convection zone – i.e. stars on the
lower main sequence and red giants. The advent of very high quality
space-based photometry (from e.g. Kepler) has made it possible to
detect such oscillations in distant stars allowing us to gain detailed
knowledge of their internal structure (e.g. the review by Chaplin
& Miglio 2013). For stars showing solar-like oscillations, it has
revolutionised how well we can determine stellar properties (Lund
et al. 2017; Silva Aguirre et al. 2017).

In the present case, we can compare the structure of the
calibrated solar models with the observed frequencies from the
Sun. We have calculated theoretical oscillation frequencies for
our solar models using the Aarhus adiabatic oscillation package
(������, Christensen-Dalsgaard 2008). As observations we use so-
lar data from the Birmingham Solar-Oscillation Network (BiSON,
Broomhall et al. 2009; Davies et al. 2014). The comparison is shown
in Fig. 7 as a di�erence between the two set of oscillation frequen-
cies for the ���� solar models.

The general deviation, which increases for higher frequen-
cies, is well-known and expected: it is the asteroseismic surface
e�ect (mentioned in Section 2.1), consequence of the near-surface
deficiencies in stellar models. Oscillations of higher and higher fre-
quency probe regions closer and closer to the surface; thus, it is
evident from the figure that the two models di�er in the surface
layers. This is just as anticipated, as the implementation changes
the outer boundary condition and the correction from eq. (5) is
only applied just below the photosphere (because the optical depth
increases very rapidly in the interior). Hence, the inclusion of the

3D e�ects shifts the oscillation frequencies, which is a known ef-
fect of changing the atmospheric structure (e.g. Morel et al. 1994).
The frequencies are decreased, thus seemingly bringing the model
closer to the observations.

The surface e�ect can be further improved on by fully replac-
ing the outer layers of the model with an averaged 3D simulation in
a so-called patched model (see Section 2.1 and references therein).
However, this is (currently) only performed as a final step after
the stellar evolution calculation; it is not possible to perform the
procedure along the way during the evolution. Furthermore, a full
treatment of the surface e�ect would additionally involve the in-
clusion of the modal e�ects, i.e. the e�ects of nonadiabaticity and
the full interaction between convection and pulsations (e.g. Houdek
et al. 2017), as is also evident from the results of patched models (e.g
Rosenthal et al. 1999; Sonoi et al. 2015; Ball et al. 2016; Jørgensen
et al. 2017).

5 COMPARISON TO EARLIER WORK

An analysis similar to the one we present in this paper was carried
out by Salaris & Cassisi (2015, hereafter SC15) using the stel-
lar evolution code BaSTI (BAg of Stellar Tracks and Isochrones,
Pietrinferni et al. 2004). They implemented the same 3D results,
namely the calibrated ↵MLT and T(⌧) relations from Trampedach
et al. (2014a,b). However, the description of their implementation
is brief and di�ers from ours in a few ways.

One central topic is the transition point between atmosphere
and stellar interior, and the location of the photosphere in the model.
SC15 used a constant ⌧fit = 2/3 as transition point (and mention that
they have tested various other values down to ⌧fit = 100). The crucial
matter is not the exact value, but whether this transition point has
been used as the photosphere in the stellar model or not. The optical
depth ⌧e� in the 3D T(⌧) relation at which T = Te� varies, but is
always close to ⌧e� ' 0.5. As argued earlier in Section 3.2.1, it will
produce a slightly inconsistent model, if the global ‘photospheric
quantities’ (e.g. Te� and log g) are still determined at the usual
⌧fit = 2/3 or another ⌧fit , ⌧e�.3 We have taken great care in this
respect, either by making sure the transition happens at the correct
⌧fit = ⌧e� each time (�������) or by properly determining the global
quantities at this point (����).

SC15 mention the use of Trampedach et al. (2014a, eq. (35),
(36)) to correct the temperature gradients. First of all, as explained
earlier, it is only necessary to apply a correction to the radiative
temperature gradient rrad (by using eq. (35) from Trampedach et al.
(2014a)); the MLT calculation with this modified gradient as input
will ensure a properly corrected r without further modifications
(R. Trampedach, priv. comm.). Secondly, SC15 find the corrections
to be minuscule 4. We agree for higher values of ⌧, but just below
the photosphere the correction term in eq. (5) is significant – e.g.
for the solar models, the temperature gradient is changed by around
20% at ⌧ ' 1. A plot of the correction is shown in Appendix C.

As argued earlier – and also by Ludwig et al. (1999) and
Trampedach et al. (2014b) – it is appropriate to introduce a cali-
brated scaling factor instead of using ↵MLT directly as supplied from
the grid. SC15 mention such a scaling as required to produce a
standard solar model (see below). However, they did not employ
this ↵MLT scaling factor in their stellar evolution calculations.

3 Especially if these quantities are passed to the 3D interpolation routine.
4 SC15 state a di�erence between the two sets of temperature gradients of
‘much less than 1%’.
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in deep interiors. However, convection becomes inefficient in
the near-surface regions. Therefore, more complex physical pro-
cesses need to be accounted for, such as compressible turbu-
lence, which is neglected by the mixing-length theory.

For the Sun, there have been many attempts to analyze the
surface effects, and they are based on a more sophisticated treat-
ment of the surface convection than the mixing-length theory.
Indeed, the frequencies of the high-order p-modes were found
to be affected by the treatment of convection (e.g., Brown 1984;
Zhugzhda & Stix 1994; Schlattl et al. 1997; Petrovay et al.
2007). Similar attempts have also been made with more real-
istic models constructed using 3D hydrodynamical simulations
(Stein & Nordlund 1991; Rosenthal et al. 1999; Yang & Li 2007;
Piau et al. 2014; Bhattacharya et al. 2015). It has been found that
turbulent pressure (neglected in standard models) plays a major
role in modifying the frequencies, since the induced elevation
of the outer layer leads to the decrease in the frequencies. We
also note that the thermal timescale is comparable to the oscilla-
tion periods in the near-surface regions. Consequently, one can
expect that nonadiabatic effects on frequencies can have a non-
negligible impact and should also be taken into account. This
has been done partly by several authors (e.g., Houdek 2010;
Grigahcène et al. 2013), but given the uncertainties related to
the treatment of the convection-pulsation coupling, this would
deserve being investigated more thoroughly.

In the absence of any definitive conclusions on the surface
effects, Kjeldsen et al. (2008) have proposed an empirical power
law to correct the theoretical frequency (see also Ball & Gizon
2014). They provide the value of the power index in the power
law by analyzing the difference between the observed solar fre-
quencies and the theoretical frequencies computed with Model S
(Christensen-Dalsgaard et al. 1996). Since then, many authors
have adopted the value to correct the computed frequencies for
other stars than the Sun (e.g., Christensen-Dalsgaard et al. 2010;
Doğan et al. 2010; Gruberbauer et al. 2013). Alternative strate-
gies have been adopted to determine the value of the index
(e.g., Gruberbauer et al. 2012; Lebreton & Goupil 2014), but
still adopting the power-law function of Kjeldsen et al. (2008).
Indeed, the correction is required since, without it, it is diffi-
cult to find a good model from comparison with the observa-
tions. At this stage, however, there is no physical justification
for constraining the empirical surface-effect corrections.

In this article, we construct outer-layer models with 3D hy-
drodynamical simulations including non-local radiation trans-
port for different types of solar-like stars (Sect. 2.1). The con-
structed 3D layers are patched to the standard interior model
(Sect. 2.2). Then, the frequency differences with the standard
models are evaluated (Sect. 2.3). We discuss the dependence
on effective temperature and surface gravity when performing
the functional fittings (Sect. 3). Discussion and conclusions are
given in Sects. 4 and 5, respectively.

2. Stellar patched models and related
eigenfrequencies

We consider a set of 3D hydrodynamical models for which two
types of corresponding 1D models were constructed, the patched
models (PMs) and unpatched models (UPMs). Subsequently, the
associated frequencies were computed in the framework of the
adiabatic approximation.

Table 1. Characteristics of the 3D hydrodynamical models.

Model Teff log g Tb νmax

[K] [cm/s2] [K] [µHz]
A 5775 4.44 1.53 × 104 3110
B 6725 4.25 8.26 × 104 1864
C 6486 4.00 2.84 × 104 1067
D 6432 4.25 2.80 × 104 1906
E 6227 4.00 2.13 × 104 1089
F 6102 4.25 2.53 × 104 1956
G 5861 4.50 2.36 × 104 3550
H 5927 4.00 2.01 × 104 1116
I 5885 3.50 2.02 × 104 354.3
J 4969 2.50 1.46 × 104 38.56

Notes. Teff is the effective temperature, log g the logarithm of the sur-
face gravity, Tb the temperature at the bottom of the 3D models, νmax the
frequency with maximum amplitude of solar-like oscillations, here es-
timated by using Eq. (1).

Fig. 1. 3D hydrodynamical models in the Teff− log g plane. The relative
difference in the radius between PM and UPM is indicated by the color
scale.

2.1. Grid of 3D hydrodynamical models

We use the CO5BOLD code (Freytag et al. 2012) with the
CIFIST grid (Ludwig et al. 2009). The adopted chemical mix-
ture is similar to the solar abundances determined by Asplund
et al. (2005). We considered ten models. The global characteris-
tics of the models are summarized in Table 1 as well as the tem-
perature at the bottom of the 3D models, Tb, and the frequency
of the maximum mode height in the oscillation power spectrum,
νmax, estimated by the scaling relation (e.g., Brown et al. 1991;
Kjeldsen & Bedding 1995; Belkacem et al. 2011)

νmax

νmax,⊙
=
g

g⊙

(
Teff

Teff,⊙

)−1/2

, (1)

which arises from the proportionality between νmax and the cut-
off frequency. For solar values, we adopt νmax,⊙ = 3100 µHz,
log g⊙ = 4.438, and Teff,⊙ = 5777 K. The location of the selected
models in the Teff-log g plane is displayed in Fig. 1. We note that
Model A corresponds to the Sun.
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Fig. 12. Functional fittings with the power law (Eq. (4), the green curve)
and the Lorentzian formulation (Eq. (9), the red curve) to the frequency
difference of PM and UPM for Model A in the range 0.6 < ν/νmax < 1.4.

Fig. 13. Dependence of the deviation in the power law (Eq. (4)) and the
Lorentzian formulation (Eq. (9)) on the fitting range for Model A.

Figure 14 shows the coefficients of the power-law and the
Lorentzian formulation as functions of the fitting range in the
case of Model A. For most models, the coefficients a and α in-
crease as the fitting range shifts to higher frequency, while b and
β show the opposite trend. Then, the power indices b and β be-
come higher in the lower frequency range. For Model A, we find
that a (α) changes by a factor of 2.67 (1.51), with the change
in the frequency range from 0.0–0.8 to 0.8–1.6, while b (β) by
a factor of 4.50 (1.40). For all of the models, the coefficients
of the Lorentzian formulation show less dependence on the fre-
quency range. It implies that the Lorentzian formulation is more
robust than the power law for modeling the surface frequency
corrections.

5. Conclusion

We analyzed frequency differences between standard models
(unpatched models, UPMs) and patched models (UPMs). The
latter were constructed using the CIFIST grid (Ludwig et al.
2009) of 3D hydrodynamical simulation computed with the
CO5BOLD code (Freytag et al. 2012).

Fig. 14. Dependence of the coefficients of the power law (Eq. (4)) and
the Lorentzian formulation (Eq. (9)) on the fitting range for Model A.

We addressed the variation in the free parameters introduced
by the Kjeldsen et al. (2008) empirical surface-effect correc-
tion. We found that the coefficients vary significantly across the
HR diagram. As a result of the functional fitting to the frequency
difference, index b decreases with increasing effective tempera-
ture or with decreasing surface gravity, while coefficient a shows
the opposite trend. These trends are caused by the elevation of
the outer layers related to the modification of the hydrostatic
equilibrium by the turbulent pressure. So far, b has been set to
the solar-calibrated value in many applications, even for different
stars, and a has been determined by using this value of b. The re-
sults of this study imply that such a treatment is not appropriate.

In addition, we confirm that the power-law function is not
suitable for the high-frequency range, since the profile of the
frequency difference becomes less steep as the frequency ex-
ceeds νmax. In general, solar-like oscillations are distributed sym-
metrically around νmax in the power spectra, and we cannot ne-
glect the modes above νmax. Then, we propose a formulation
based on a Lorentzian, which is found to successfully fit the pro-
file of the frequency difference in the whole frequency range.
The coefficients α and β have similar trends as a and b of the
power law, respectively. Moreover, we show that the Lorentzian
function is more robust against both the choice of the range of
corrected frequencies and the glitches in the frequency differ-
ences induced by the difference in the location of the hydrogen
ionization region between the PMs and UPMs.
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modal effect on mode frequencies due to advection of the oscil-
lations by spatially varying radial flows. This approach has not
yet been developed to the stage where it can be usefully applied
to realistic solar models with stratification and turbulent pres-
sure. Finally, Rüdiger et al. (1997) have used turbulence closure
assumptions to parameterize the propagation of acoustic distur-
bances through a convecting medium.

In the present work, we use an alternative technique for esti-
mating themodel effects, based on the results obtained from nu-
merical simulations of turbulent convection in a radiating fluid.
We show that p modes can be calculated from a mean model
with hydrostatic and thermodynamic stratification obtained by
appropriately weighted averages of the simulation results. We
proceed by making simplifying, and certainly very naive, as-
sumptions about the modal effects, postponing their detailed
study to subsequent papers.

Webegin (Sect. 2)with a brief discussion of the helioseismic
data and the discrepancy between measured frequencies and
those calculated fromMLTmodels.We then discuss (Sect. 3) the
averaging techniques needed to analyze the radial oscillations of
a convecting layer, describe the model computations (Sect. 4),
and investigate the resulting oscillation frequencies (Sect. 5).
Finally (Sect. 6), we discuss the relevance and limitations of the
results, and indicate future plans.

2. Frequency residuals for a standard solar model

To illustrate the differences between the observed frequen-
cies and those of current “standard” solar models we consider
Model S of Christensen-Dalsgaard et al. (1996). This is com-
puted with the OPAL equation of state (Rogers et al., 1996),
OPAL opacities (Iglesias et al., 1992) in the high-temperature
regime and Kurucz (1991) opacities in the atmosphere.
Diffusion and gravitational settling of helium and heav-
ier elements are included. Convection is modeled using
Böhm-Vitense (1958) mixing-length theory. The atmosphere is
assumed to be in hydrostatic equilibrium and is based on a sim-
ple analytical T–τ relation, obtained from a fit to the Harvard-
Smithsonian Reference Atmosphere (Gingerich et al., 1971).
Evolution starts from a chemically homogeneous zero-age
main-sequence model, and the model is calibrated to have the
current solar radius and luminosity at an age of 4.6 109years.
The depth of the convection zone in the model of the present
Sun is 0.2885R⊙, close to the helioseismically inferred val-
ues (0.287R⊙ ± 0.003R⊙, Christensen-Dalsgaard et al., 1991;
0.287R⊙ ± 0.001R⊙, Basu & Antia, 1997).

In Fig. 1 we show the differences between adiabatic eigen-
frequencies of the standard model and measured solar p-mode
frequencies compiled from the data of Tomczyk et al. (1995)
and Bachmann et al. (1995). The frequency differences have
been scaled with the quantity Qnl defined as the ratio of the
mode mass of a mode with radial order n and degree l to the
mode mass of a radial mode of the same frequency, the mode
mass being defined by
∫

V
|ξ̂|2ρ0dV = Mmode|ξ̂(R⊙)|2 , (1)

Fig. 1. Measured frequency residuals in the sense (observations) –
(model), scaled byQnl. The computed frequencies are for Model S of
Christensen-Dalsgaard et al. (1996). The symbols indicate the source
of the observed frequencies:+ are LOWL data (Tomczyk et al., 1995)
and ⋄ are data from Bachmann et al. (1995)

where ξ̂ is the displacement eigenfunction of the mode. Here
we have introduced the equilibrium density stratification ρ0 and
the integral is over the volume of the Sun.

Perturbations concentrated in the surface region of the
Sun give rise to frequency residuals which, when scaled with
Qnl, are a function of frequency except at high degrees (e.g.
Christensen-Dalsgaard & Berthomieu, 1991); it is evident that
this is, indeed, the dominant trend in Fig. 1. We therefore con-
clude that the principal contribution to the solar frequency resid-
uals arises from the surface layers. This is consistent with the
theoretical arguments that these layers are particularly badly
represented in the models.

Some insight into the effects of this region on the frequencies
might be obtained by linearizing the relation between the struc-
ture and the frequencies in terms of differences between the Sun
and a reference model. To the extent that the oscillations can be
regarded as being adiabatic, the frequencies are determined by
the hydrostatic structure of the model as well as by the adiabatic
exponent Γ1 = (∂ ln p/∂ ln ρ)s relating pressure p and density
ρ, the derivative being at constant specific entropy s. For the
purpose of analyzing near-surface effects a convenient variable
is υ = Γ1/c = 2ωc/g, where c = (Γ1p/ρ)1/2 is the adiabatic
sound speed and ωc is the isothermal acoustic cutoff frequency.
It was shown by Christensen-Dalsgaard & Thompson (1997)

C.S. Rosenthal et al.: Convective contributions to the frequencies of solar oscillations 695

Fig. 6. Measured frequency residuals in the sense (observations) –
(model), scaled by Qnl. The model frequencies are for the GGM, with
the gas Γ1. The symbols indicate the source of the observed frequen-
cies: + are LOWL data (Tomczyk et al., 1995) and ⋄ are data from
Bachmann et al. (1995)

GGM and SEM frequencies is of a similar magnitude and shape
as the difference between the observed and Model S frequencies
shown in Fig. 1, the GGM frequencies being decreased by up
to about 15 µHz relative to the SEM frequencies. On the other
hand, in accordance with Fig. 4, the frequency differences for
the RGM frequencies are substantially larger.

To interpret Fig. 1, a more appropriate comparison is ev-
idently between the frequencies of Model S and those of the
models including the averaged simulations. Accordingly, Fig. 5
also shows scaled differences between the frequencies of the
GGM and Model S. These are slightly smaller than the corre-
sponding differences between the GGM and SEM; also, they
show somewhat larger scatter, as a result of model differences
extending over a larger part of the convection zone.

As argued above, the near agreement between the depth of
the convection zone in the patched models and in the Sun in-
dicates that the structure of the deeper parts of the convection
zone may be in similar agreement. Thus it is of evident in-
terest to compare the computed frequencies with the observed
values. A comparison of Figs. 1 and 5 strongly indicates that
the GGM is closer to the solar data than is the RGM. Accord-
ingly, in Fig. 6 we show scaled differences between observed
frequencies and those of GGM, again restricted to modes with
ν/(l + 0.5) < 50 µHz and hence trapped in the convection
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Fig. 7. Pressure as a function of depth for an averaged 3-D model
(full drawn), and for the comparison standard envelope (SEM) model
(dashed). The dashed-dotted curve shows the pressure stratification of
a 3-D model where the gradient of the turbulent pressure has been arti-
ficially removed from the vertical pressure balance. The upper abscissa
shows the corresponding position in a complete model, in terms of the
fractional radius r/R

zone. The general magnitude of the p-mode frequency differ-
ences is substantially reduced, and the differences show even
less dependence on degree than in Fig. 1, indicating that the ori-
gin of the remaining differences is concentrated very close to
the surface. Note also that differences in Fig. 1 decrease signifi-
cantly from zero at rather higher frequency than do the (GGM)
– (Model S) differences in Fig. 5, leading to the positive differ-
ences around 3000 µHz in Fig. 6. As discussed in Sect. 2 (see
Fig. 2) this might suggest that the combined model and modal
effects of the differences between the Sun and Model S are lo-
cated somewhat closer to the surface than are the differences
between GGM and Model S.

The gas Γ1 simulation is rather successful in reproducing the
observed mode frequencies. In contrast, the reduced Γ1 gives
rise to a frequency shift which is substantially higher than ob-
served. Mode physics effects probably account for the remain-
ing discrepancies in Fig. 6. These change sign as a function of
frequency, indicating that the effects producing them depend on
depth or frequency or both. The frequency differences for the
f modes, which are barely affected by changes in the hydro-
static structure of the model or in Γ1, are essentially the same
as in Fig. 1 and of similar magnitude to the other modes now.
Thus, there must be additional mode physics effects beyond
those which can be included in a Γ1(z, ω).

5.2. Effects of turbulent pressure

The turbulent pressure p̄t = ⟨ρu′2
z ⟩ enters the momentum equa-

tion (Eq. 5) in an exactly analogous manner to the gas pressure.
It thus adds directly to the gas pressure and provides additional
support against gravity, resulting in an elevation of the solar
surface. The extent of the elevation can be determined by com-
paring the heights of comparable surfaces of pressure, density
or acoustic cutoff frequency in a normal simulation with one in
which the turbulent pressure has been canceled in the momen-
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envelope and pulsation calculations assume the generalized Edding-
ton approximation to radiative transfer (Unno & Spiegel 1966). The
abundances by mass of hydrogen and heavy elements are adopted
from the patched model ‘B’, i.e. X = 0.736 945 and Z = 0.018 055.
The opacities are obtained from the OPAL tables (Iglesias & Rogers
1996), supplemented at low temperature by tables from Kurucz
(1991). The EOS includes a detailed treatment of the ionization
of C, N, and O, and a treatment of the first ionization of the next
seven most abundant elements (Christensen-Dalsgaard 1982). The
integration of stellar-structure equations starts at an optical depth of
τ = 10−4 and ends at a radius fraction r/R⊙ = 0.2. The tempera-
ture gradient in the plane-parallel atmosphere is corrected by using
a radially varying Eddington factor fitted to Model C of Vernazza,
Avrett & Loeser (1981).

The linear non-adiabatic pulsation calculations are carried out
using the same non-local convection formulation with the assump-
tion that all eddies in the cascade respond to the pulsation in phase
with the dominant large eddies. A simple thermal outer boundary
condition is adopted at the temperature minimum, where for the me-
chanical boundary condition the solutions are matched smoothly on
to those of a plane-parallel isothermal atmosphere (e.g. Balmforth
et al. 2001). At the base of the model envelope, the conditions of
adiabaticity and vanishing of the displacement eigenfunction are
imposed. Only radial p modes are considered.

3 R ESULTS AND DISCUSSION

The adiabatic frequency corrections (Section 2.1) arising from mod-
ifications to the stratification of the mean model are obtained from
an appropriately averaged 3D simulation for the outer convection
layers (Section 2.2.3).

The frequency corrections associated with modal effects arising
from non-adiabaticity, including both the perturbations to the ra-
diation and convective heat flux, and from convection-dynamical
effects of the perturbation to the turbulent pressure are estimated
from a 1D non-local, time-dependent convection model including
turbulent pressure (Section 2.2.4).

3.1 Adiabatic frequency corrections from modifications
to the mean structure

Frequency differences between MDI data (Sun) and our BM,
‘Sun−A’ are depicted in Fig. 1 by the dot–dashed curve, illus-
trating the well-known ‘surface effects’ for a standard solar model
with a frequency residual up to ∼20 µHz. The effect on the adi-
abatic frequencies by adopting an averaged 3D simulation for the
outer convection layers is illustrated by the dashed curve in Fig. 1. It
shows the frequency difference between MDI data and the patched
model, ‘Sun−B’. The patched model underestimates the frequen-
cies by as much as ∼10 µHz. The change from overestimating the
frequencies with the BM, ‘A’ (dot–dashed curve), to underestimat-
ing the frequencies with the patched model, ‘B’ (dashed curve), is
mainly due to effects of turbulent pressure pt in the equation of
hydrostatic support (1) and from opacity changes (convective back-
warming) of the relatively large convective temperature fluctuations
in the superadiabatic boundary layers.

3.2 Modal effects from non-adiabaticity
and convection dynamics

In addition to the structural changes, we also consider the modal
effects of non-adiabaticity and pulsational perturbation to turbulent

Figure 4. Comparison of the turbulent pressure over total pressure between
the patched mean model ‘B’ (dashed curve), for which the convection zone
was modelled by averaged 3D simulation results, and the calibrated non-
local mean model ‘D’ (solid curve), as functions of the logarithmic total
pressure. The dotted curve is the acoustic cutoff frequency (e.g. Aerts et al.
2010) indicating the region of mode propagation (log p ! 5.3).

Figure 5. Inertia-scaled frequency difference between MDI data (Sun) and
model calculations. The solid curve includes the combined frequency cor-
rections arising from structural effects (B) and modal effects (D). The dot–
dashed curve is the result for our BM ‘A’, reflecting the result for a ‘standard’
solar model computation.

pressure δpt. We do this by using the 1D solar envelope model
of Section 2.2.4, which includes turbulent pressure, and which is
calibrated such as to have the same max(pt) as the 3D solar simula-
tion (see Fig. 4). To assess the modal effects, we compute for this
non-local envelope model non-adiabatic and adiabatic frequencies.
The frequency differences between these two model computations,
i.e. ‘D − C’, are plotted in Fig. 1 with a solid curve, and illustrate
the modal effects of non-adiabaticity and turbulent-pressure per-
turbations δpt. These modal effects (solid curve in Fig. 1) produce
frequency residuals that are similar in magnitude to the frequency
residuals between the Sun and the patched model, ‘Sun−B’ (dashed
curve). This suggests that the underestimation of the adiabatic fre-
quencies due to changes in the mean model, ‘B’, is nearly com-
pensated by the modal effects. The remaining overall frequency
difference between the Sun and models that include both structural
and modal effects, i.e. the difference between the dashed and solid
curves in Fig. 1, is illustrated in Fig. 5 by the solid curve, showing
a maximum frequency difference of ∼3 µHz. Also depicted, for
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Fig. 6. Measured frequency residuals in the sense (observations) –
(model), scaled by Qnl. The model frequencies are for the GGM, with
the gas Γ1. The symbols indicate the source of the observed frequen-
cies: + are LOWL data (Tomczyk et al., 1995) and ⋄ are data from
Bachmann et al. (1995)

GGM and SEM frequencies is of a similar magnitude and shape
as the difference between the observed and Model S frequencies
shown in Fig. 1, the GGM frequencies being decreased by up
to about 15 µHz relative to the SEM frequencies. On the other
hand, in accordance with Fig. 4, the frequency differences for
the RGM frequencies are substantially larger.

To interpret Fig. 1, a more appropriate comparison is ev-
idently between the frequencies of Model S and those of the
models including the averaged simulations. Accordingly, Fig. 5
also shows scaled differences between the frequencies of the
GGM and Model S. These are slightly smaller than the corre-
sponding differences between the GGM and SEM; also, they
show somewhat larger scatter, as a result of model differences
extending over a larger part of the convection zone.

As argued above, the near agreement between the depth of
the convection zone in the patched models and in the Sun in-
dicates that the structure of the deeper parts of the convection
zone may be in similar agreement. Thus it is of evident in-
terest to compare the computed frequencies with the observed
values. A comparison of Figs. 1 and 5 strongly indicates that
the GGM is closer to the solar data than is the RGM. Accord-
ingly, in Fig. 6 we show scaled differences between observed
frequencies and those of GGM, again restricted to modes with
ν/(l + 0.5) < 50 µHz and hence trapped in the convection
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Fig. 7. Pressure as a function of depth for an averaged 3-D model
(full drawn), and for the comparison standard envelope (SEM) model
(dashed). The dashed-dotted curve shows the pressure stratification of
a 3-D model where the gradient of the turbulent pressure has been arti-
ficially removed from the vertical pressure balance. The upper abscissa
shows the corresponding position in a complete model, in terms of the
fractional radius r/R

zone. The general magnitude of the p-mode frequency differ-
ences is substantially reduced, and the differences show even
less dependence on degree than in Fig. 1, indicating that the ori-
gin of the remaining differences is concentrated very close to
the surface. Note also that differences in Fig. 1 decrease signifi-
cantly from zero at rather higher frequency than do the (GGM)
– (Model S) differences in Fig. 5, leading to the positive differ-
ences around 3000 µHz in Fig. 6. As discussed in Sect. 2 (see
Fig. 2) this might suggest that the combined model and modal
effects of the differences between the Sun and Model S are lo-
cated somewhat closer to the surface than are the differences
between GGM and Model S.

The gas Γ1 simulation is rather successful in reproducing the
observed mode frequencies. In contrast, the reduced Γ1 gives
rise to a frequency shift which is substantially higher than ob-
served. Mode physics effects probably account for the remain-
ing discrepancies in Fig. 6. These change sign as a function of
frequency, indicating that the effects producing them depend on
depth or frequency or both. The frequency differences for the
f modes, which are barely affected by changes in the hydro-
static structure of the model or in Γ1, are essentially the same
as in Fig. 1 and of similar magnitude to the other modes now.
Thus, there must be additional mode physics effects beyond
those which can be included in a Γ1(z, ω).

5.2. Effects of turbulent pressure

The turbulent pressure p̄t = ⟨ρu′2
z ⟩ enters the momentum equa-

tion (Eq. 5) in an exactly analogous manner to the gas pressure.
It thus adds directly to the gas pressure and provides additional
support against gravity, resulting in an elevation of the solar
surface. The extent of the elevation can be determined by com-
paring the heights of comparable surfaces of pressure, density
or acoustic cutoff frequency in a normal simulation with one in
which the turbulent pressure has been canceled in the momen-
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Figure 7. Frequency differences between BiSON observations and the un-
patched Model S as well as three PMs, for ℓ = 0. The solar Stagger-
grid atmosphere, the solar Trampedach-grid atmosphere and the MURaM
simulation were used, respectively. For all models, a weighted combination
of P and ρ served as the patching quantity. The patching points are chosen
within the adiabatic regions, at the depth, where the closest match in the
(P, ρ)-plane between the interior and atmosphere is found. The markers are
larger than the observational errorbars. The dashed line shows the results
presented by Ball et al. (2016) for comparison.

are affected by the implementation of our procedure. We base our
investigation on the Sun, as very detailed observational constraints
exist for our host star, whose interior structure is well understood.

In order to perform this asteroseismic analyses, we have com-
puted adiabatic frequencies of stellar p-mode oscillations for
patched stellar models, using the Aarhus adiabatic oscillations pack-
age, ADIPLS (Christensen-Dalsgaard 2008b). When presenting fre-
quency shifts, δνnℓ, we only include radial modes (ℓ = 0). There
is hence no need to scale each frequency shift with the ratio of the
corresponding mode mass and the mode mass of a radial mode with
the same frequency.

3.1 Patched solar models

To facilitate an easy comparison with other authors, we have
patched Model S, a standard solar model presented by Christensen-
Dalsgaard (1996). For these PMs, we have computed frequency dif-
ferences, δνnℓ, between the model frequencies and observations of
radial modes (ℓ = 0), stemming from the Birmingham Solar Oscil-
lation Network, BiSON (Broomhall et al. 2009; Davies et al. 2014).

For a direct comparison with Ball et al. (2016), we have employed
the same MURaM (Vögler 2003; Vögler et al. 2005) radiative mag-
netohydrodynamic (MHD) simulation for the solar atmosphere from
Beeck et al. (2013), averaged over surfaces of constant geometric
depth and time.

In accordance with Ball et al. (2016), we use P and ρ as patching
quantities. Our approach therefore differs from that by Ball et al.
(2016) only in minor details. Fig. 7 shows the frequency differ-
ence between BiSON data and the model frequencies of the PM.
The resulting oscillation frequencies are in good agreement with
the results published by Ball et al. (2016), and we were thus able to
reduce the frequency difference between model frequencies and ob-
servations from roughly 12 to 4 µHz. As also stressed in the quoted
paper, this is overall consistent with the findings of other authors,
including Piau et al. (2014), who present patched solar models, in
which they adopt the average profile of the temperature gradient,
P, ρ, %1 and the Brunt–Väisälä frequency from hydrodynamic and

Figure 8. Frequency differences between BiSON observations and PMs,
for ℓ = 0, based on the solar Stagger-grid model and GARSTEC models with
difference convective treatments: MLT and the convection theory by Canuto
& Mazzitelli (CM). The models are patched 2.7 Mm below the surface, i.e.
below a Rosseland optical depth of 1, using P and ρ as patching quantities.

magnetohydrodynamic 3D simulations. Piau et al. (2014) have de-
creased the radius of their UPM, in order to correct for the fact that
the PM is slightly larger than the UPM, since ⟨3D⟩-atmospheres are
larger than their 1D counterparts, due to turbulent pressure. Like
Ball et al. (2016) and Magic & Weiss (2016), we do not take this
effect into account, as we fix the interior structure by Model S,
meaning that the radius of our patched solar models are roughly
a hundred kilometers larger than the constraints on the radius of
Model S.

We have also constructed PMs based on Model S and the solar
atmospheres in the Stagger- and Trampedach-grids. The resulting
model frequencies are lower by 2 and 5 µHz, respectively, at high
frequencies, compared to the MURaM solar PM (cf. Fig. 7). We note
that these frequency deviations are comparable to the discrepancy
between model predictions and observations. As was to be expected,
the seismic results are very sensitive to the exact input physics of
the atmosphere.

The same holds true for the interior model. Fig. 8 summarizes
the results obtained for two different GARSTEC models. Both models
use the OPAL-EOS (Rogers & Nayfonov 2002) and the MHD-
EOS in the low-temperature regime, the OPAL opacities (Iglesias
& Rogers 1996), the low-temperature opacities by Ferguson et al.
(2005) and the composition used by Asplund et al. (2009) but dif-
fer in their treatment of convection: one uses mixing length theory
(MLT; Böhm-Vitense 1958), while the other employs the convec-
tion theory by Canuto & Mazzitelli (1991, 1992) with a solar cal-
ibrated mixing length. Although the convection theory by Canuto
& Mazzitelli (1991, 1992) leads to model frequencies (UPM, CM
in Fig 8) that are in better agreement with observations than those
using mixing length theory (UPM, MLT in Fig. 8), patching the
solar Stagger-grid model to either of the two GARSTEC models yields
almost identical results. This means that the patch is performed at
a depth, below which the two UPMs are nearly indistinguishable.

As can be seen from Figs 7 and 8, none of the presented patched
solar models actually reproduces the observed BiSON frequencies,
as we only take structural effects into account. Modal effects are
expected to counteract the structural effects, as stated in the in-
troduction (cf. Houdek et al. 2017). The adiabatic frequencies ob-
tained after solely including structural effects depend on the treat-
ment of turbulent pressure in the frequency calculations (cf. Sonoi

MNRAS 472, 3264–3276 (2017)Downloaded from https://academic.oup.com/mnras/article-abstract/472/3/3264/4098508
by Royal Library Aarhus University user
on 23 May 2018



Víctor Silva Aguirre 
May 24th 2018

Coupling 3D to 1D

 26

Patched models: results

Ball et al. 2016

W. H. Ball et al.: MESA meets MURaM

K5

K0

G2

F3

K5
K0
G2
F3

(ν
M

U
R

aM
 –

 ν
M

E
S

A
) 

/ 
μ

H
z

−30

−25

−20

−15

−10

−5

0

νMESA / νac

0 0.2 0.4 0.6 0.8 1

Fig. 3. Frequency di↵erences between the stellar models and patched
models computed for all four simulations, with the horizontal axis
rescaled by the acoustic cut-o↵ frequency ⌫ac. The shapes of the fre-
quency di↵erences as a function of frequency are similar for the three
cooler simulations (G2, K0 and K5), whereas the di↵erence for the
F3 simulation is more complicated.

relative frequency. As expected, the results depend on the choice
of underlying stellar model, since the surface shift in the cali-
brated G2 model di↵ers by up to 5 µHz compared to the fre-
quency shift computed for Model S.

The shape of the surface e↵ect in the F3 model is notably
di↵erent, showing multiple bends as a function of frequency.
This is mostly because the mode inertiae are a more complicated
function of frequency. The bend in the surface e↵ect around
�17 µHz corresponds to the first minimum of the mode inertiae,
and the additional bend around �30 µHz corresponds similarly
to a second minimum. The patched model also shows a jump
in �1 of about 0.02 at the matching point because helium is par-
tially ionized at the base of the MURaM simulation. Such abrupt
changes in the stellar structure, known as “acoustic glitches”
(e.g. Houdek & Gough 2007), create features in the frequencies
that oscillate as a function of frequency. In this case, however, it
appears that the shape of the mode inertia curve dominates the
change in the frequencies. This is made clearer by the parametric
fits in Sect. 3.2.

Though already widely accepted, the shapes of the frequency
di↵erences confirm that most of the modes observed in main-
sequence solar-like oscillators of all spectral types are a↵ected
by surface e↵ects. The frequency at which maximum oscilla-
tion power is observed, known as ⌫max, is roughly 0.6 ⌫ac, with a
typical FWHM of about half of ⌫max (i.e. 0.3 ⌫ac, Chaplin et al.
2011). Hence, our results confirm that one should expect sur-
face e↵ects to a↵ect all modes observed within one FWHM of
the power envelope. This motivates observations using line-of-
sight velocities, for which the background signal of granula-
tion is much weaker and the lower-frequency modes are easier
to detect. Such observations will hopefully become possible as
the Stellar Oscillation Network Group (SONG, Grundahl et al.
2014) increases its capacity.
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Fig. 4. Frequency di↵erences between a stellar model calibrated to the
F3 simulation, and the patched model, in which the near-surface lay-
ers were replaced by the averaged simulation profile. Additional curves
show the parametric fits of the one-term correction by Ball & Gizon
(2014; dashed), their two-term fit (dotted), a power law (dot-dot-
dashed), the modified Lorentzian of Sonoi et al. (2015; long-dashed),
and a scaled solar correction (dot-dashed). The two-term fit is clearly
better able to capture the distinct shape of the frequency di↵erence.

3.2. Comparison with parametric fits

In principle, the surface e↵ects computed here can be used to
calibrate parametric fits available in the literature, but the cov-
erage in the Hertzsprung–Russell diagram (only four points) is
presently too sparse to make thorough inferences. However, we
can compute the best-fitting parameters for these analytic mod-
els, partly to subsequently compare with fits to real stars with
similar parameters, and partly to compare which prescriptions
fit our results better. The latter approach is similar to the re-
cent work by Schmitt & Basu (2015), who computed theoret-
ical frequency shifts using structure kernels, except that here
we are using the simulation data. Sonoi et al. (2015) also com-
pared parametric fits but limited their comparison to the power
law proposed by Kjeldsen et al. (2008) and their own modified
Lorentzian parametrization.

Figures 4–7 show the predicted surface e↵ects in the F3,
G2, K0 and K5 models, along with parametric fits from several
sources. Each parametric form specifies the di↵erence between
the model frequency ⌫mdl and the corrected frequency ⌫cor as
some function of the model frequency and sometimes mode in-
ertia I, normalized to the total displacement at the photosphere.

First, there are the two fits presented by Ball & Gizon (2014).
They proposed either a one-term fit,

⌫cor � ⌫mdl = a3(⌫mdl/⌫ac)3/I (1)

or two-term fit,

⌫cor � ⌫mdl =
⇣
b�1(⌫mdl/⌫ac)�1 + b3(⌫mdl/⌫ac)3

⌘
/I (2)

where a3, b�1 and b3 are coe�cients that minimize the di↵er-
ence between a model and whatever observations are being fit.
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Fig. 5. As in Fig. 4, but for the G2 star. The two-term fit is nearly perfect
across the whole frequency range.
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Fig. 6. As in Fig. 4, but for the K0 star. The two-term fit again fits
best, but the modified Lorentzian and the scaled solar correction also
reproduce the shift reasonably well.

Here, the acoustic cut-o↵ frequency ⌫ac is used purely to scale
the frequencies.

Second, there is the power-law fit suggested by
Kjeldsen et al. (2008),

⌫cor � ⌫mdl = p0(⌫mdl/⌫ref)p1 . (3)

Those authors proposed that p1 (originally denoted b) be cali-
brated to the Sun and p0 calibrated using the modelled and ob-
served large separations, based on homology arguments. Here,
we optimize the values of both to see how they vary, and use the
acoustic cut-o↵ as the reference frequency ⌫ref.

simulation
a3(ν/νac)

3/I
(b-1(ν/νac)

-1+b3(ν/νac)
3)/I

p0(ν/νac)
p1

s0νmax[1–1/(1+(ν/νmax)
s1)]

c δν⊙

(ν
M

U
R

aM
 –

 ν
M

E
S

A
) 

/ 
μ

H
z

−10

−8

−6

−4

−2

0

νMESA / μHz

0 2000 4000 6000 8000 10000

Fig. 7. As in Fig. 4, but for the K5 star. As for the K0 star, the two-term
fit, modified Lorentzian and scaled solar correction match quite well.

Third, there is the modified Lorentzian suggested by
Sonoi et al. (2015),

⌫cor � ⌫mdl = s0⌫max

0
BBBBBBB@1 �

1

1 �
⇣
⌫mdl
⌫max

⌘s1

1
CCCCCCCA (4)

where the frequency of maximum oscillation power ⌫max is de-
termined from the scaling relation (Kjeldsen & Bedding 1995)

⌫max

⌫max,�
=
g

g�

 
Te↵

Te↵,�

!1/2

· (5)

The free parameters s0 and s1 correspond to the parameters ↵
and � in the original work by Sonoi et al. (2015).

Finally, we include a scaled solar correction, computed as
described by Schmitt & Basu (2015). Our solar correction was
taken as the di↵erence between Model S and the low-frequency
BiSON data, indicated in Fig. 1. We note that including a con-
stant o↵set does not make sense, since it is clear that the low-
frequency modes are not shifted at all in our results. We fit all of
the coe�cients using non-linear least squares without weighting
any of the frequencies.

The best-fitting parameters are presented with the corre-
sponding models in Table 1. Though we refrain from concluding
anything quantitative from the unweighted residuals, it is still
useful to inspect the quality of the fits. Figures 4–7 show that
the two-term fit by Ball & Gizon (2014) overall fits the simu-
lations better than the other corrections, notably including the
F3 simulation. For the F3 simulation, it is important to include
the mode inertiae in the fitting formula to correctly recover the
distinct shape of the surface e↵ect.

The scaled solar surface term performs well in the cooler
stars, where it reproduces the initial increase in the surface term
quite well. However, because the solar surface term is scaled by
mean density (or the large separation) rather than the acoustic
cut-o↵ frequency, a shrinking frequency range is covered as the
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Fig. 3. Frequency di↵erences between the stellar models and patched
models computed for all four simulations, with the horizontal axis
rescaled by the acoustic cut-o↵ frequency ⌫ac. The shapes of the fre-
quency di↵erences as a function of frequency are similar for the three
cooler simulations (G2, K0 and K5), whereas the di↵erence for the
F3 simulation is more complicated.

relative frequency. As expected, the results depend on the choice
of underlying stellar model, since the surface shift in the cali-
brated G2 model di↵ers by up to 5 µHz compared to the fre-
quency shift computed for Model S.

The shape of the surface e↵ect in the F3 model is notably
di↵erent, showing multiple bends as a function of frequency.
This is mostly because the mode inertiae are a more complicated
function of frequency. The bend in the surface e↵ect around
�17 µHz corresponds to the first minimum of the mode inertiae,
and the additional bend around �30 µHz corresponds similarly
to a second minimum. The patched model also shows a jump
in �1 of about 0.02 at the matching point because helium is par-
tially ionized at the base of the MURaM simulation. Such abrupt
changes in the stellar structure, known as “acoustic glitches”
(e.g. Houdek & Gough 2007), create features in the frequencies
that oscillate as a function of frequency. In this case, however, it
appears that the shape of the mode inertia curve dominates the
change in the frequencies. This is made clearer by the parametric
fits in Sect. 3.2.

Though already widely accepted, the shapes of the frequency
di↵erences confirm that most of the modes observed in main-
sequence solar-like oscillators of all spectral types are a↵ected
by surface e↵ects. The frequency at which maximum oscilla-
tion power is observed, known as ⌫max, is roughly 0.6 ⌫ac, with a
typical FWHM of about half of ⌫max (i.e. 0.3 ⌫ac, Chaplin et al.
2011). Hence, our results confirm that one should expect sur-
face e↵ects to a↵ect all modes observed within one FWHM of
the power envelope. This motivates observations using line-of-
sight velocities, for which the background signal of granula-
tion is much weaker and the lower-frequency modes are easier
to detect. Such observations will hopefully become possible as
the Stellar Oscillation Network Group (SONG, Grundahl et al.
2014) increases its capacity.
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Fig. 4. Frequency di↵erences between a stellar model calibrated to the
F3 simulation, and the patched model, in which the near-surface lay-
ers were replaced by the averaged simulation profile. Additional curves
show the parametric fits of the one-term correction by Ball & Gizon
(2014; dashed), their two-term fit (dotted), a power law (dot-dot-
dashed), the modified Lorentzian of Sonoi et al. (2015; long-dashed),
and a scaled solar correction (dot-dashed). The two-term fit is clearly
better able to capture the distinct shape of the frequency di↵erence.

3.2. Comparison with parametric fits

In principle, the surface e↵ects computed here can be used to
calibrate parametric fits available in the literature, but the cov-
erage in the Hertzsprung–Russell diagram (only four points) is
presently too sparse to make thorough inferences. However, we
can compute the best-fitting parameters for these analytic mod-
els, partly to subsequently compare with fits to real stars with
similar parameters, and partly to compare which prescriptions
fit our results better. The latter approach is similar to the re-
cent work by Schmitt & Basu (2015), who computed theoret-
ical frequency shifts using structure kernels, except that here
we are using the simulation data. Sonoi et al. (2015) also com-
pared parametric fits but limited their comparison to the power
law proposed by Kjeldsen et al. (2008) and their own modified
Lorentzian parametrization.

Figures 4–7 show the predicted surface e↵ects in the F3,
G2, K0 and K5 models, along with parametric fits from several
sources. Each parametric form specifies the di↵erence between
the model frequency ⌫mdl and the corrected frequency ⌫cor as
some function of the model frequency and sometimes mode in-
ertia I, normalized to the total displacement at the photosphere.

First, there are the two fits presented by Ball & Gizon (2014).
They proposed either a one-term fit,

⌫cor � ⌫mdl = a3(⌫mdl/⌫ac)3/I (1)

or two-term fit,

⌫cor � ⌫mdl =
⇣
b�1(⌫mdl/⌫ac)�1 + b3(⌫mdl/⌫ac)3

⌘
/I (2)

where a3, b�1 and b3 are coe�cients that minimize the di↵er-
ence between a model and whatever observations are being fit.
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Fig. 3. Frequency di↵erences between the stellar models and patched
models computed for all four simulations, with the horizontal axis
rescaled by the acoustic cut-o↵ frequency ⌫ac. The shapes of the fre-
quency di↵erences as a function of frequency are similar for the three
cooler simulations (G2, K0 and K5), whereas the di↵erence for the
F3 simulation is more complicated.

relative frequency. As expected, the results depend on the choice
of underlying stellar model, since the surface shift in the cali-
brated G2 model di↵ers by up to 5 µHz compared to the fre-
quency shift computed for Model S.

The shape of the surface e↵ect in the F3 model is notably
di↵erent, showing multiple bends as a function of frequency.
This is mostly because the mode inertiae are a more complicated
function of frequency. The bend in the surface e↵ect around
�17 µHz corresponds to the first minimum of the mode inertiae,
and the additional bend around �30 µHz corresponds similarly
to a second minimum. The patched model also shows a jump
in �1 of about 0.02 at the matching point because helium is par-
tially ionized at the base of the MURaM simulation. Such abrupt
changes in the stellar structure, known as “acoustic glitches”
(e.g. Houdek & Gough 2007), create features in the frequencies
that oscillate as a function of frequency. In this case, however, it
appears that the shape of the mode inertia curve dominates the
change in the frequencies. This is made clearer by the parametric
fits in Sect. 3.2.

Though already widely accepted, the shapes of the frequency
di↵erences confirm that most of the modes observed in main-
sequence solar-like oscillators of all spectral types are a↵ected
by surface e↵ects. The frequency at which maximum oscilla-
tion power is observed, known as ⌫max, is roughly 0.6 ⌫ac, with a
typical FWHM of about half of ⌫max (i.e. 0.3 ⌫ac, Chaplin et al.
2011). Hence, our results confirm that one should expect sur-
face e↵ects to a↵ect all modes observed within one FWHM of
the power envelope. This motivates observations using line-of-
sight velocities, for which the background signal of granula-
tion is much weaker and the lower-frequency modes are easier
to detect. Such observations will hopefully become possible as
the Stellar Oscillation Network Group (SONG, Grundahl et al.
2014) increases its capacity.
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Fig. 4. Frequency di↵erences between a stellar model calibrated to the
F3 simulation, and the patched model, in which the near-surface lay-
ers were replaced by the averaged simulation profile. Additional curves
show the parametric fits of the one-term correction by Ball & Gizon
(2014; dashed), their two-term fit (dotted), a power law (dot-dot-
dashed), the modified Lorentzian of Sonoi et al. (2015; long-dashed),
and a scaled solar correction (dot-dashed). The two-term fit is clearly
better able to capture the distinct shape of the frequency di↵erence.

3.2. Comparison with parametric fits

In principle, the surface e↵ects computed here can be used to
calibrate parametric fits available in the literature, but the cov-
erage in the Hertzsprung–Russell diagram (only four points) is
presently too sparse to make thorough inferences. However, we
can compute the best-fitting parameters for these analytic mod-
els, partly to subsequently compare with fits to real stars with
similar parameters, and partly to compare which prescriptions
fit our results better. The latter approach is similar to the re-
cent work by Schmitt & Basu (2015), who computed theoret-
ical frequency shifts using structure kernels, except that here
we are using the simulation data. Sonoi et al. (2015) also com-
pared parametric fits but limited their comparison to the power
law proposed by Kjeldsen et al. (2008) and their own modified
Lorentzian parametrization.

Figures 4–7 show the predicted surface e↵ects in the F3,
G2, K0 and K5 models, along with parametric fits from several
sources. Each parametric form specifies the di↵erence between
the model frequency ⌫mdl and the corrected frequency ⌫cor as
some function of the model frequency and sometimes mode in-
ertia I, normalized to the total displacement at the photosphere.

First, there are the two fits presented by Ball & Gizon (2014).
They proposed either a one-term fit,

⌫cor � ⌫mdl = a3(⌫mdl/⌫ac)3/I (1)

or two-term fit,

⌫cor � ⌫mdl =
⇣
b�1(⌫mdl/⌫ac)�1 + b3(⌫mdl/⌫ac)3

⌘
/I (2)

where a3, b�1 and b3 are coe�cients that minimize the di↵er-
ence between a model and whatever observations are being fit.
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Coupling 3D to 1D

• Use mean 3D stratifications to calibrate free 
parameters (mixing length) 

• Use boundary conditions and T-𝜏 relations from the 3D 
simulations 

• Use patched models for specific simulations (no time 
evolution) 

• The stellar models of the future: on-the-fly patching of 
3D mean structures
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The stellar models of the future

• To use 3D averages on the fly, we need them at any 
given point in the Teff/log(g) plane 

• Is this feasible? Can we safely interpolate across 3D 
stratifications? 

• Yes, as log(𝜌) as a function of log(P) looks similar 
across the 3D grid.  

• A jump in density occurs close to the surface, 
corresponding to a local minima in dlog(𝜌)/dlog(P)

 29
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Interpolation

Jørgensen et al. 2017

Frequencies of stellar models with 3D atmospheres 3267

Figure 2. The logarithm of the density as a function of the logarithm of the
pressure after shifting the stratification by the position of the density jump
for all considered 201 models in the Stagger-grid – i.e. for Teff ranging from
4000 to 7000 K, log g ranging from 1.5 to 5.0, and [Fe/H] ranging from −4
to 0.5. The stratifications of the models at solar metallicity and the solar
model have been highlighted. The dotted lines show the interpolation range
for solar metallicity.

mesh point and its next neighbour in the patched atmosphere, based
on hydrostatic equilibrium:

dP

dz
= ρg. (2)

For the shallow atmospheres of solar-like main-sequence stars, we
find this correction to have little influence.

2.4 The interpolation scheme

Constructing meaningful PMs for any given model or star, based
on discrete atmosphere grids, often requires interpolation. To moti-
vate our suggested interpolation scheme, we start out by noting that
log ρ as a function of log P looks similar across the grids – that is,
comparing simulations from the same grid, across all parameters, as
well as comparing models from different grids. Thus, log ρ behaves
linearly at high and low pressure, while a jump occurs near the stel-
lar surface, corresponding to a local minimum in ∂ log ρ/∂ log P .
Moreover, the inclination and intercept of the linear regions are
similar for all models. Shifting log ρ as a function of log P by the
position of the density jump thus results in nearly coinciding strati-
fications, as can be seen from Fig. 2. This is relevant, as the position
of the density jump in the (log ρ, log P)-plane behaves rather lin-
early as a function of both log Teff and log g, as can be seen from
Fig. 3. In other words, the position of the density jump can reliably
be computed by interpolation.1

To compute interpolated atmosphere models, we select a suitable
subset of atmospheres, having the same metallicity as the atmo-
sphere that we attempt to construct. We then shift the stratification
of each of these atmospheres by the position of the respective den-
sity jump, as described above. The interpolation now takes place in
the (log Teff, log g)-plane, where we compute log ρ for fixed values
of log P. Thus, triangulating the grid points, we construct piece-wise
cubic, continuously differentiable surfaces, to interpolate log ρ, in

1 It is worth noting that while log ρ as a function of log P is thus suitable
for interpolation across the mapped (Teff, log g)-plane, log P as a function
of log ρ is not. This is due to the density inversion that can take place in the
envelopes of red giants, a phenomenon found by Schwarzschild (1975).

Figure 3. The logarithm of the pressure, log PJump, corresponding to the
minimum of ∂log ρ/∂log P , based on the Stagger-grid atmospheres (white
dots), at solar metallicity.

the (log Teff, log g)-plane, for each value of log P. The obtained
stratification is then shifted by the corresponding density jump that
is likewise obtained by cubic interpolation in the (log Teff, log g)-
plane. Fig. 3 shows the pressure at the density jump, for all models
in the Stagger-grid, at solar metallicity. As can be seen from the
figure, the pressure at the density jump evolves rather linearly as a
function of both log Teff and log g. The same holds true at differ-
ent metallicities and for the corresponding density. In the case of
the Trampedach-grid atmospheres, the position of the minimum in
∂ log ρ/∂ log P is a well-behaved function of log Teff and log g as
well.

Having obtained ρ(P), the depth z below a given point can now
easily be established, based on the requirement of hydrostatic equi-
librium – cf. equation (2). Furthermore, our interpolation scheme
computes both log T and "1 as a function of log P, based on an
interpolation in the (log Teff, log g)-plane. Before interpolating, it is
important to shift the stratification of both quantities as a function
of pressure by the pressure and the respective value of the quantity,
at the density jump.

The derivatives needed for frequency calculations are determined,
based on the established stratifications, using Akima spline interpo-
lation (Akima 1970). While cubic splines may show ripples in the
neighbourhood of discontinuities, this piece-wise cubic and con-
tinuously differentiable sub-spline interpolation method yields a
smooth transition, even when encountering abrupt changes in the
derivatives. This feature is important near the patching points.

As pointed out by Magic et al. (2013a), the temperature strati-
fication of ⟨3D⟩-atmospheres may severely deviate from their 1D
counterparts. It thus stands to reason that the naive patch between an
interior model and an atmosphere with the same Teff may not yield a
good fit in T(r), when using other quantities to determine the patch,
and vice versa. When constructing PMs for the stars in the Kepler
field, we thus compute a large sample of interpolated atmospheres,
requiring Teff and log g to lie within three standard deviations of the
observational mean. We then select that interpolated atmosphere
that minimizes the sum of squared relative differences in T, ρ and
"1, near the bottom of the interpolated atmosphere, weighted by
(1 + (100 · #log g)2), where #log g is the difference in log g at
the surface. By imposing this restriction on log g, we prefer mod-
els, whose gravitational acceleration match the value of the UPM,
as any mismatch has to be subsequently corrected for, in order to
obtain physically meaningful PMs. The interpolation takes place at
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3268 A. C. S. Jørgensen et al.

Figure 4. Comparison between an interpolated solar model, based on the
Stagger-grid, and the correct structure that was excluded from the grid prior
to the interpolation. Teff = 5769 K and log g = 4.44. The figure shows the
relative residuals for four quantities: the density (ρ), the adiabatic exponent
("1), the temperature (T) and the depth (z) below the outermost point of the
interpolated atmosphere as a function of pressure (P).

a pressure that is 101.9 times higher than at the density jump, as
this value lies close to the highest pressure that is common for all
models in the grids, so that no extrapolation is required.

In short, when dealing with Kepler stars (cf. Section 4), we select
the interpolated atmosphere that results in the smoothest stratifica-
tions. In the case of the Sun, on the other hand, we use the existing
solar atmospheres in the grids.

To evaluate how accurately our interpolation scheme reproduces
the correct structure across the (log Teff, log g)-plane, we have ex-
cluded models from the grids and subsequently reconstructed these
models. An example is given in Fig. 4, where we show the rela-
tive residuals between the solar model in the Stagger-grid and the
corresponding interpolated atmosphere. As can be seen from the
figure, all interpolated quantities are reproduced within 2 per cent
of the expected values, at all pressures, ranging over five orders of
magnitude. For the pressure range shown in Fig. 4, all models in
the atmosphere grid provide values for the pressure.

The errors introduced in ρ(P) by interpolation lie below
10 per cent, for all but one model at high temperature, but are gen-
erally of the order of a few per cent (cf. Fig. 5). Atmospheres at the
boundary of the grid were not reconstructed in this test. The com-
puted residuals constitute an upper bound for the expected error.

Magic (2016) presents another interpolation scheme, based on the
generic form of the normalized entropy stratification. Comparing
our results qualitatively with the published test cases (cf. fig. 6 in
Magic 2016), we conclude that our simple interpolation scheme is
able to reconstruct the correct stratifications with similar or even
higher accuracy, throughout the (Teff, log g)-plane.

Having established that our interpolation scheme yields reason-
ably accurate results in the case of the regular Stagger-grid, we now
take a closer look at the irregular Trampedach-grid. Here, we find
the accuracy to be strongly affected by the sampling rate. In regions
with a high sampling rate, we are able to reconstruct the stratifica-
tions within 1 per cent, and acceptable accuracy is obtained for most
main-sequence stars. In regions with a low sampling rate, however,
the errors may reach 20 per cent – the highest error is again reached
for main-sequence stars at high temperatures. Fig. 6 shows the error
in ρ(P) across the (Teff, log g)-plane and should be compared to
Fig. 5.

Figure 5. Kiel diagram, showing residuals in per cent of ρ(P) at a pressure
that is 101.9 higher than at the density jump between interpolated models
and the corresponding atmospheres in the Stagger-grid at solar metallicity.
Models at the boundary of the grid, for which no residuals could be com-
puted, are marked with crosses. The dashed lines show the evolutionary
paths of stars, whose masses are given on the plot in units of the solar mass.

Figure 6. Kiel diagram corresponding to Fig. 5 but for the Trampedach-
grid.

As regards the solar atmosphere in the Trampedach-grid, we
are able to reproduce ρ(P) only within 5 per cent, although the
sampling is higher in the vicinity of the solar atmosphere than
in the corresponding region of the Stagger-grid. We explore the
implications of this in Section 3.2.

We note that the stratification of some quantities in the ⟨3D⟩-
atmospheres in the Trampedach-grid shows ripples. In order to
remove such ripples, we smooth the interpolated atmospheres be-
fore patching, when dealing with the Trampedach-grid, although
we found that these ripples have a negligible effect on the model
frequencies.

Having established the presented interpolation scheme, it is
straight-forward to interpolate in metallicity as well. As this is only
possible for the Stagger-grid, and as we only present models that al-
low for a comparison with atmospheres from the Trampedach-grid,
we do not elaborate on this point but leave this issue to be discussed
in an upcoming paper.

3 TH E S O L A R C A S E

Having summarized the main aspects of post-evolutionary patching
above, we proceed to an investigation of how the seismic predictions
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Figure 4. Comparison between an interpolated solar model, based on the
Stagger-grid, and the correct structure that was excluded from the grid prior
to the interpolation. Teff = 5769 K and log g = 4.44. The figure shows the
relative residuals for four quantities: the density (ρ), the adiabatic exponent
("1), the temperature (T) and the depth (z) below the outermost point of the
interpolated atmosphere as a function of pressure (P).
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this value lies close to the highest pressure that is common for all
models in the grids, so that no extrapolation is required.

In short, when dealing with Kepler stars (cf. Section 4), we select
the interpolated atmosphere that results in the smoothest stratifica-
tions. In the case of the Sun, on the other hand, we use the existing
solar atmospheres in the grids.

To evaluate how accurately our interpolation scheme reproduces
the correct structure across the (log Teff, log g)-plane, we have ex-
cluded models from the grids and subsequently reconstructed these
models. An example is given in Fig. 4, where we show the rela-
tive residuals between the solar model in the Stagger-grid and the
corresponding interpolated atmosphere. As can be seen from the
figure, all interpolated quantities are reproduced within 2 per cent
of the expected values, at all pressures, ranging over five orders of
magnitude. For the pressure range shown in Fig. 4, all models in
the atmosphere grid provide values for the pressure.

The errors introduced in ρ(P) by interpolation lie below
10 per cent, for all but one model at high temperature, but are gen-
erally of the order of a few per cent (cf. Fig. 5). Atmospheres at the
boundary of the grid were not reconstructed in this test. The com-
puted residuals constitute an upper bound for the expected error.
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generic form of the normalized entropy stratification. Comparing
our results qualitatively with the published test cases (cf. fig. 6 in
Magic 2016), we conclude that our simple interpolation scheme is
able to reconstruct the correct stratifications with similar or even
higher accuracy, throughout the (Teff, log g)-plane.

Having established that our interpolation scheme yields reason-
ably accurate results in the case of the regular Stagger-grid, we now
take a closer look at the irregular Trampedach-grid. Here, we find
the accuracy to be strongly affected by the sampling rate. In regions
with a high sampling rate, we are able to reconstruct the stratifica-
tions within 1 per cent, and acceptable accuracy is obtained for most
main-sequence stars. In regions with a low sampling rate, however,
the errors may reach 20 per cent – the highest error is again reached
for main-sequence stars at high temperatures. Fig. 6 shows the error
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Figure 5. Kiel diagram, showing residuals in per cent of ρ(P) at a pressure
that is 101.9 higher than at the density jump between interpolated models
and the corresponding atmospheres in the Stagger-grid at solar metallicity.
Models at the boundary of the grid, for which no residuals could be com-
puted, are marked with crosses. The dashed lines show the evolutionary
paths of stars, whose masses are given on the plot in units of the solar mass.

Figure 6. Kiel diagram corresponding to Fig. 5 but for the Trampedach-
grid.

As regards the solar atmosphere in the Trampedach-grid, we
are able to reproduce ρ(P) only within 5 per cent, although the
sampling is higher in the vicinity of the solar atmosphere than
in the corresponding region of the Stagger-grid. We explore the
implications of this in Section 3.2.

We note that the stratification of some quantities in the ⟨3D⟩-
atmospheres in the Trampedach-grid shows ripples. In order to
remove such ripples, we smooth the interpolated atmospheres be-
fore patching, when dealing with the Trampedach-grid, although
we found that these ripples have a negligible effect on the model
frequencies.

Having established the presented interpolation scheme, it is
straight-forward to interpolate in metallicity as well. As this is only
possible for the Stagger-grid, and as we only present models that al-
low for a comparison with atmospheres from the Trampedach-grid,
we do not elaborate on this point but leave this issue to be discussed
in an upcoming paper.

3 TH E S O L A R C A S E

Having summarized the main aspects of post-evolutionary patching
above, we proceed to an investigation of how the seismic predictions
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Figure 4. Comparison between an interpolated solar model, based on the
Stagger-grid, and the correct structure that was excluded from the grid prior
to the interpolation. Teff = 5769 K and log g = 4.44. The figure shows the
relative residuals for four quantities: the density (ρ), the adiabatic exponent
("1), the temperature (T) and the depth (z) below the outermost point of the
interpolated atmosphere as a function of pressure (P).

a pressure that is 101.9 times higher than at the density jump, as
this value lies close to the highest pressure that is common for all
models in the grids, so that no extrapolation is required.

In short, when dealing with Kepler stars (cf. Section 4), we select
the interpolated atmosphere that results in the smoothest stratifica-
tions. In the case of the Sun, on the other hand, we use the existing
solar atmospheres in the grids.

To evaluate how accurately our interpolation scheme reproduces
the correct structure across the (log Teff, log g)-plane, we have ex-
cluded models from the grids and subsequently reconstructed these
models. An example is given in Fig. 4, where we show the rela-
tive residuals between the solar model in the Stagger-grid and the
corresponding interpolated atmosphere. As can be seen from the
figure, all interpolated quantities are reproduced within 2 per cent
of the expected values, at all pressures, ranging over five orders of
magnitude. For the pressure range shown in Fig. 4, all models in
the atmosphere grid provide values for the pressure.

The errors introduced in ρ(P) by interpolation lie below
10 per cent, for all but one model at high temperature, but are gen-
erally of the order of a few per cent (cf. Fig. 5). Atmospheres at the
boundary of the grid were not reconstructed in this test. The com-
puted residuals constitute an upper bound for the expected error.

Magic (2016) presents another interpolation scheme, based on the
generic form of the normalized entropy stratification. Comparing
our results qualitatively with the published test cases (cf. fig. 6 in
Magic 2016), we conclude that our simple interpolation scheme is
able to reconstruct the correct stratifications with similar or even
higher accuracy, throughout the (Teff, log g)-plane.

Having established that our interpolation scheme yields reason-
ably accurate results in the case of the regular Stagger-grid, we now
take a closer look at the irregular Trampedach-grid. Here, we find
the accuracy to be strongly affected by the sampling rate. In regions
with a high sampling rate, we are able to reconstruct the stratifica-
tions within 1 per cent, and acceptable accuracy is obtained for most
main-sequence stars. In regions with a low sampling rate, however,
the errors may reach 20 per cent – the highest error is again reached
for main-sequence stars at high temperatures. Fig. 6 shows the error
in ρ(P) across the (Teff, log g)-plane and should be compared to
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that is 101.9 higher than at the density jump between interpolated models
and the corresponding atmospheres in the Stagger-grid at solar metallicity.
Models at the boundary of the grid, for which no residuals could be com-
puted, are marked with crosses. The dashed lines show the evolutionary
paths of stars, whose masses are given on the plot in units of the solar mass.

Figure 6. Kiel diagram corresponding to Fig. 5 but for the Trampedach-
grid.

As regards the solar atmosphere in the Trampedach-grid, we
are able to reproduce ρ(P) only within 5 per cent, although the
sampling is higher in the vicinity of the solar atmosphere than
in the corresponding region of the Stagger-grid. We explore the
implications of this in Section 3.2.

We note that the stratification of some quantities in the ⟨3D⟩-
atmospheres in the Trampedach-grid shows ripples. In order to
remove such ripples, we smooth the interpolated atmospheres be-
fore patching, when dealing with the Trampedach-grid, although
we found that these ripples have a negligible effect on the model
frequencies.

Having established the presented interpolation scheme, it is
straight-forward to interpolate in metallicity as well. As this is only
possible for the Stagger-grid, and as we only present models that al-
low for a comparison with atmospheres from the Trampedach-grid,
we do not elaborate on this point but leave this issue to be discussed
in an upcoming paper.
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Having summarized the main aspects of post-evolutionary patching
above, we proceed to an investigation of how the seismic predictions
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The stellar models of the future

• All work done by Andreas Jørgensen and Jakob 
Mosumgaard 

• Preliminary results, many tests in progress 

• Successfully patched 3D averages to 1D evolution on-
the-fly
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Solar model
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Conclusions and outlook

• Can be done on-the-fly 

• Still many aspects to be explored (e.g., best way to 
interpolate 3D structures, role of turbulent pressure, 
interpolation in metallicity, and many more) 

• Need for more simulations: require finer sampling in 
some regions of the Teff/log(g) plane 

• Future is promising, and should be available in time for 
Plato
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Coupling 3D simulations to 1D evolution
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