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WHY?

▸ test transit detection / characterisation in the presence of 
these stellar variability signals

▸ test ability to measure parameters of rotation, activity, 
etc…

▸ one of many ingredients in simulations also including 
instrumental effects, pulsations, etc….
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HOW?

▸ physical models (e.g. spot models)? 

▸ can be slow 

▸ have we got the model right?

▸ use Kepler light curves as templates 

▸ multiple physical (and instrumental) effects mixed 

▸ no ground truth!
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THE SUN
6 S. Aigrain et al.
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Figure 2. Segments of total solar irradiance variations used to
generate the last five light curves included in the set.

Figure 3. Example multi-component sinusoidal fits obtained by
the Göttingen/Reinhold team for light curve 9 (see text for de-
tails). The top panel shows the results for the full light curve, and
the bottom panel for a randomly selected 90-day segment. The
data are shown in blue and the fits in red.

3 THE HOUNDS: MEASURING ROTATION
AND DIFFERENTIAL ROTATION

3.1 The Göttingen / Reinhold team

This team analysed the light curves using the Lomb-Scargle
(LS) periodogram of the full (1000-day) light curves, in a
standard pre-whitening approach as described in Reinhold,
Reiners & Basri (2013). This approach consists of locating
the most significant peak in the LS periodogram, subtracting
the best-fit sinusoid with that period from the data, comput-
ing the LS periodogram of the residuals, and repeating the
process 5 times. Once the five periods have been identified,
a global sine fit is performed according to

y
fit

=

5X

k=1

a
k

sin
⇣
2⇡
P
k

t� �
k

⌘
+ c, (7)

where c is a global o↵set, and P
k

, a
k

and �
k

are the period,
the amplitude and phases of the kth component. The best
parameters were found using �2-minimisation, resulting in
five refined period values for each light curve. The procedure
is illustrated for an example light curve in Figure 3.

The LS periodograms were computed over the period
range 0.5 to 100 days, and the first period, P

1

, was selected
within this range. To minimise the number of cases where
only the first harmonic of the true rotation period was de-
tected, P

1

was compared to the remaining periods P
k

by
computing |2P

1

� P
k

|/2P
1

. If this quantity was < 0.05, the
highest-peak period P

k

satisfying this relation, which is most
likely to be the true rotation period, was chosen as the main
reported period.

The presence of a second period P
2

adjacent to P
1

is
indicative of either di↵erential rotation, spot evolution, or a
combination of both e↵ects. If there was a period P

2

satis-
fying the relation
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6 0.30 (8)

this period was also reported, in order to test whether the
interval between P

1

and P
2

could be used as a measure of
di↵erential rotation. If any P

3

, P
4

and P
5

also satisfied this
criterion, the largest and smallest of these were reported as
P
min

and P
max

.
The analysis described above was also applied to a ran-

domly selected 90-day window from each light curve, this
time searching for periods up to 45 days to account for the
much shorter time span. After visual inspection of the light
curves, periodograms and periods returned by the two ap-
proaches (full light curve versus 90-day segment), the peri-
ods extracted from the full light curve analysis were deemed
to be more reliable in most cases (> 90%). The only ex-
ceptions were cases where the main period derived from
the analysis of the 90-day window was less than 10 days:
the analysis of the full light curve appeared less sensitive to
short periods. Thus, the final reported periods P

1

(and P
2

if
measurable) were chosen from the analysis of the full light
curve, except for these short-period cases, where the periods
derived from the 90-day segments were reported.

The method was applied automatically to all light
curves, and a value was reported for all cases where the
main period was < 100 days, leading to a total of 840 de-
tections, with at least two periods reported in 545 cases.
This detection rate is larger than in Reinhold, Reiners &
Basri (2013), where it was ⇠ 60%. The di↵erence is proba-
bly due to the longer period cuto↵ used here (100 instead of
45-days), which enables the detection of longer periods but
also, potentially, spurious signals caused by instrumental ef-
fects or long-term spot evolution. To quantify this, 100 light
curves were inspected visually, in order to evaluate the ex-
pected false-positive rate. About 20 of the visually inspected
light curves had detected periods without clear counterpart
in the light curve, leading to a predicted false-positive rate
of approximately 20%.

3.2 The Göttingen / Nielsen team

This team also used the LS periodogram, but worked with
shorter segments of data, equivalent to individual Kepler
quarters (90 days). The analysis method was based on
Nielsen et al. (2013) and was identical to that study in all

c� 2014 RAS, MNRAS 000, 1–17
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KEPLER LIGHT CURVES

‣ problems:  
‣ sparser time-sampling (512s vs 2.5s) 
‣ different noise properties 
‣ quarter-to-quarter discontinuities 
‣ residual systematics
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GAUSSIAN PROCESSES

predictive distribution

likelihood
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FAST, PHYSICALLY MOTIVATED GP FOR STELLAR LIGHT CURVES

▸ celerite Gaussian process code (Foreman-Mackey et al. 
2017, celerite.readthedocs.io)

5

In this case, the inverse is dense but Equation (3) can still be evaluated with a scaling
of O(N J2), where J is the number of components in the mixture (Kelly et al. 2014;
Ambikasaran 2015). In Section 5, we build on previous work (Ambikasaran 2015) to
derive a faster method with the same O(N J2) scaling that can be used when k↵(⌧nm)
is positive definite.

This kernel function can be made even more general by introducing complex
parameters aj ! aj ± i bj and cj ! cj ± i dj. In this case, the covariance function
becomes

k↵(⌧nm) = �2
n �nm +

JX

j=1


1

2
(aj + i bj) exp (�(cj + i dj) ⌧nm)

+
1

2
(aj � i bj) exp (�(cj � i dj) ⌧nm)

�
(7)

and, for this function, Equation (3) can still be evaluated with O(N J2) operations.
The details of this method and a few implementation considerations are outlined in
Section 5, but we first discuss some properties of this covariance function.

By rewriting the exponentials in Equation (7) as sums of sine and cosine functions,
we can see the autocorrelation structure is defined by a mixture of quasiperiodic
oscillators

k↵(⌧nm) = �2
n �nm +

JX

j=1

[aj exp (�cj ⌧nm) cos (dj ⌧nm)

+ bj exp (�cj ⌧nm) sin (dj ⌧nm)] . (8)

For clarity, we refer to the argument within the sum as a “celerite term” for the
remainder of this paper. The Fourier transform3 of this covariance function is the
power spectral density (PSD) of the process and it is given by

S(!) =
JX

j=1

r
2

⇡

(aj cj + bj dj) (cj2 + dj
2) + (aj cj � bj dj)!2

!4 + 2 (cj2 � dj
2)!2 + (cj2 + dj

2)
2 . (9)

The physical interpretation of this model isn’t immediately obvious and we return to
a more general discussion shortly but we start by considering some special cases.

If we set the imaginary amplitude bj for some component j to zero, that term of
Equation (8) becomes

kj(⌧nm) = aj exp (�cj ⌧nm) cos (dj ⌧nm) (10)

and the PSD for this component is

Sj(!) =
1p
2 ⇡

aj
cj

2

64
1

1 +
⇣

!�dj
cj

⌘2 +
1

1 +
⇣

!+dj
cj

⌘2

3

75 . (11)

3 Here and throughout we have defined the Fourier transform of the function f(t) as F (!) =
(2⇡)�1/2 R1

�1 f(t) ei! t dt.
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To relate this physical picture to celerite, we consider the dynamics of a
stochastically-driven damped simple harmonic oscillator (SHO). The di↵erential equa-
tion for this system is


d2

dt2
+

!0

Q

d

dt
+ !2

0

�
y(t) = ✏(t) (19)

where !0 is the frequency of the undamped oscillator, Q is the quality factor of the
oscillator, and ✏(t) is a stochastic driving force. If ✏(t) is white noise, the PSD of this
process is (Anderson et al. 1990)

S(!) =

r
2

⇡

S0 !4
0

(!2 � !2
0)

2 + !2
0!

2/Q2
(20)

where S0 is proportional to the power at ! = !0, S(!0) =
p
2/⇡ S0 Q2. The power

spectrum in Equation (20) matches Equation (9) if

aj = S0 !0 Q (21)

bj =
S0 !0 Qp
4Q2 � 1

cj =
!0

2Q

dj =
!0

2Q

p
4Q2 � 1 ,

for Q � 1
2 . For 0 < Q  1

2 , Equation (20) can be captured by a pair of celerite terms
with parameters

aj± =
1

2
S0 !0 Q

"
1± 1p

1� 4Q2

#
(22)

bj± = 0

cj± =
!0

2Q

h
1⌥

p
1� 4Q2

i

dj± = 0 .

For these definitions, the kernel is

kSHO(⌧ ; S0, Q, !0) = S0 !0 Qe�
!0 ⌧
2Q

8
>><

>>:

cosh (⌘ !0 ⌧) +
1

2 ⌘Q sinh (⌘ !0 ⌧), 0 < Q < 1/2

2 (1 + !0 ⌧), Q = 1/2

cos (⌘ !0 ⌧) +
1

2 ⌘Q sin (⌘ !0 ⌧), 1/2 < Q
(23)

where ⌘ = |1 � (4Q2)�1|1/2. Because of the damping, the characteristic oscillation
frequency in this model, dj, for any finite quality factor Q > 1/2, is not equal to the
frequency of the undamped oscillator, !0.

The power spectrum in Equation (20) has several limits of physical interest:
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stochastically driven, damped  
simple harmonic oscillator
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9

These special cases demonstrate that the stochastically-driven simple harmonic
oscillator provides a physically motivated model that is flexible enough to describe
a wide range of stellar variations and we return to give some specific examples in
Section 6. Low Q ⇡ 1 can capture granulation noise and high Q � 1 is a good
model for asteroseismic oscillations. In practice, we take a sum over oscillators with
di↵erent values of Q, S0, and !0 to give a su�cient accounting of the power spectrum
of stellar time series. Since this kernel is exactly described by the exponential kernel,
the likelihood (Equation 3) can be evaluated for a time series with N measurements
in O(N) operations using the celerite method described in the next section.
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Figure 1. (left) The power spectrum of a stochastically-driven simple harmonic oscillator
(Equation 20) plotted for several values of the quality factor Q. For comparison, the dashed
line shows the Lorentzian function from Equation (11) with cj = !0/(2Q) = 1/20 and
normalized so that S(dj)/S(0) = 100. (middle) The corresponding autocorrelation functions
with the same colors. (right) Three realizations in arbitrary units from each model in the
same colors.

5. SEMISEPARABLE MATRICES & CELERITE

The previous two sections describe the celerite model and its physical interpretation.
In this section, we derive a new scalable direct solver for covariance matrices generated
by this model to compute the GP likelihood (Equation 3) for large datasets. This
method exploits the semiseparable structure of these matrices to compute their
Cholesky factorization in O(N J2) operations.

The relationship between the celerite model and semiseparable linear algebra was
first recognized by Ambikasaran (Ambikasaran 2015) building on earlier work by
Rybicki & Press (Rybicki & Press 1995). Ambikasaran derived a scalable direct solver
for any general semiseparable matrix and applied this method to celerite models with
bj = 0 and dj = 0. During the preparation of this paper, we generalized this earlier
method to include non-zero bj and dj, but it turns out that we can derive a higher
performance algorithm by restricting our method to positive definite matrices. In
Appendix A, we discuss methods for ensuring that a celerite model is positive definite.
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ASIDE: TIME-DOMAIN ASTEROSEISMOLOGY
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Figure 10. A comparison between the Lomb-Scargle estimator of the PSD and the posterior
inference of the PSD as a mixture of stochastically-driven simple harmonic oscillators. (top)
The periodogram of the Kepler light curve for KIC 11615890 computed on the full four
year baseline of the mission. The orange line shows a smoothed periodogram and the blue
line indicates the level of the measurement uncertainties. (middle) The same periodogram
computed using about a month of data. (bottom) The power spectrum inferred using the
mixture of SHOs model described in the text and only one month of Kepler data. The black
line shows the median of posterior PSD and the gray contours show the 68% credible region.

Foreman-Mackey et al. (2017)

6 Grunblatt et al.

Fig. 4.— Detrended K2 lightcurves of EPIC 228754001 (top) and K2-97 (bottom), folded at the observed transit period. Preliminary
transit fit parameters were established through a box least squares search (Kovács et al. 2002); our final pure transit models (Mandel &
Agol 2002) are shown as solid lines.

Fig. 5.— Illustration of a transit in the EPIC 228754001
lightcurve. The best-fit transit model is shown in red. A com-
bined best-fit transit + squared exponential Gaussian process (SE
GP) model is shown in orange, with 1-� model uncertainties shown
by the orange shaded region. A combined best-fit transit + simple
harmonic oscillator Gaussian process (SHO GP) model is shown
with 1-� uncertainties in blue. In addition to having a smaller
uncertainties than the SE GP model, the SHO GP model also
captures variations on di↵erent timescales more accurately, and is
physically motivated by the oscillation signal of the star.
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where Q

n

represents the quality factor or damping coef-
ficient of the nth simple harmonic oscillator, !

0,n

repre-
sents the resonant frequency of the nth simple harmonic

Fig. 6.— The power spectrum of the EPIC 228754001 lightcurve
(gray) overlaid with the simple harmonic oscillator Gaussian pro-
cess model (solid blue line). Uncertainties in the model are given by
the blue contours. The individual component terms of the Gaus-
sian process model are shown by dotted lines. The two low Q
components account for the granulation noise signal at low fre-
quencies. The high Q component traces the envelope of stellar
oscillation signal and allows us to estimate the frequency of max-
imum power of the stellar oscillations, and thus determine ⌫

max

from the time domain.

oscillator, S
0,n

is proportional to the power at ! = !

0,n

,
and ⌘ =

p
1� (4Q2)�1. We find that we can describe

the stellar variability seen in our data as a sum of three
simple harmonic oscillator components, similar to many
asteroseismic models used to describe stellar oscillations
(eg., Huber et al. 2009). This allows us to create a phys-
ically motivated model of stellar variability from which
we can produce rigorous probabilistic measurements of
asteroseismic quantities using only time domain infor-
mation.
Our simple harmonic oscillator Gaussian process model

Grunblatt et al. (2018)
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CELERITE MODEL FOR ACTIVITY VARIABILITY

‣ sum of 2 high-Q SHOs, one at P and one at P/2 
‣ SHO w. Q=1/sqrt(2) to represent granulation (unresolved for MS stars at Kepler long cadence) 
‣ additional white noise term to account for any extra noise
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CELERITE MODEL FOR STARSPOT VARIABILITY

‣ sum of 2 high-Q SHOs, one at P and one at P/2 
‣ SHO w. Q=1/sqrt(2) to represent granulation (unresolved for MS stars at Kepler long cadence) 
‣ additional white noise term to account for any extra noise
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SIMULATING PLATO LCS
‣ fit all available quarters for a Kepler target 
‣ obtain weighted mean of GP model parameters  from all quarters  
‣ use that to simulate light curves at desired time sampling (no white noise) 
‣ for now granulation term is included
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SIMULATING PLATO LCS
‣ fit all available quarters for a Kepler target 
‣ obtain weighted mean of GP model parameters  from all quarters  
‣ use that to simulate light curves at desired time sampling (no white noise) 
‣ for now granulation term is included
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WHICH KEPLER STARS?

▸ so far I’ve used brightest ~50 MS & sub giant stars from KIC in each 200K Teff 
bin (log g cut of Ciardi et al. 2010) 

▸ could use APOKASC or CKS samples instead 

▸ better stellar parameters, but other issues 

▸ input welcome! 

▸ will make available in coming month 

▸ light curves (via Oxford or PSM website) 

▸ code (via GitHub) 

▸ email suz@astro.ox.ac.uk if interested

mailto:suz@astro.ox.ac.uk


PLATO STESCI II, MILAZZO, MAY 2018

RELATION BETWEEN GP AND STELLAR PARAMETERS?

▸ so far I’ve used brightest ~50 MS & sub giant stars from 
KIC in each 200K Teff bin (log g cut of Ciardi et al. 2010) 

▸ could use APOKASC or CKS samples instead 

▸ better stellar parameters, but other issues 

▸

“granulation" extra white noise “rotation”


